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ABSTRACT

Modelsfor the processedy which ideasandin uence propagate
through a social network have beenstudiedin a numberof do-
mains,includingthediffusionof medicalandtechnologicainnova-
tions, the sudderandwidespreadhdoptionof variousstratgiesin
game-theoretisettings andthe effectsof “word of mouth” in the
promotionof new products. Recently motivatedby the designof
viral marleting stratgies,DomingosandRichardsorposeda fun-

damentalalgorithmic problemfor suchsocial network processes:

if we cantry to corvince a subsetof individuals to adopta new
productor innovation, andthe goalis to triggera large cascadef
furtheradoptionswhich setof individualsshouldwe target?

We considerthis problemin several of the mostwidely studied
modelsin social network analysis. The optimizationproblem of
selectingthe mostin uential nodesis NP-hardhere,andwe pro-
vide the rst provableapproximatiorguaranteefor ef cient algo-
rithms. Using an analysisframevork basedon submodularfunc-
tions,we shav thata naturalgreedystrateyy obtainsa solutionthat
is provably within 63% of optimal for several classef models;
our framework suggests generabpproactor reasoningboutthe
performanceguaranteesf algorithmsfor thesetypesof in uence
problemsin socialnetworks.

We alsoprovide computationakxperimentson large collabora-
tion networks, shaving thatin additionto their provable guaran-
tees,ourapproximatioralgorithmssigni cantly out-performnode-
selectionheuristicsbasedon the well-studiednotions of degree
centralityanddistancecentralityfrom the eld of socialnetworks.

Categoriesand Subject Descriptors

F.2.2[Analysis of Algorithms and Problem Complexity]: Non-
numericalAlgorithmsandProblems
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1. INTRODUCTION

A socialnetwork — the graphof relationshipsandinteractions
within a group of individuals — plays a fundamentalrole as a
mediumfor the spreadof information,ideas,andin uence among
its membersAn ideaor innovationwill appear— for example the
useof cell phonesamongcollege studentsthe adoptionof a new
drugwithin the medicalprofessionor therise of a political move-
mentin an unstablesociety— andit can either die out quickly
or malke signi cant inroadsinto the population. If we wantto un-
derstandhe extentto which suchideasareadoptedjt canbeim-
portantto understandhow the dynamicsof adoptionarelikely to
unfold within the underlyingsocial network: the extentto which
peopleare likely to be affected by decisionsof their friends and
colleaguesor the extent to which “word-of-mouth” effects will
take hold. Suchnetwork diffusion processefiave a long history
of studyin the social sciences. Someof the earliestsystematic
investigationdocusedon datapertainingto the adoptionof medi-
cal andagriculturalinnovationsin both developedanddeveloping
partsof theworld [8, 27, 29]; in othercontets, researcthasinves-
tigateddiffusionprocessefor “word-of-mouth”and“viral market-
ing” effectsin thesuccessf new productd4, 7,10,13,14,20,26],
the sudderandwidespreadidoptionof variousstratgiesin game-
theoreticsettingg6, 12, 21, 32, 33], andthe problemof cascading
failuresin power systemg2, 3].

In recentwork, motivatedby applicationso marketing, Domin-
gosandRichardsorposeda fundamentahlgorithmicproblemfor
such systemg[10, 26]. Supposethat we have dataon a social
network, with estimatedor the extentto which individualsin u-
enceoneanotherandwe would like to market a nev productthat
we hopewill be adoptedby a large fraction of the network. The
premiseof viral marletingis thatby initially targetingafew “in u-
ential” membersf the network — say giving themfree samples
of the product— we cantrigger a cascadef in uence by which
friendswill recommendhe productto otherfriends,andmary in-
dividualswill ultimatelytry it. But how shouldwe choosethe few
key individualsto usefor seedingthis process?In [10, 26], this
questionwas consideredn a probabilistic model of interaction;
heuristicswere given for choosingcustomerswith a large overall
effectonthenetwork, andmethodsverealsodevelopedto infer the
in uence datanecessarjor posingthesetypesof problems.

In this paperwe considettheissueof choosingn uential setsof
individualsasa problemin discreteoptimization. The optimal so-
lution is NP-hardfor mostmodelsthathave beenstudied ncluding
the modelof [10]. The framewvork proposedn [26], on the other



hand,is basedon a simplelinear modelwherethe solutionto the
optimizationproblemcanbeobtainedby solvinga systemof linear
equationsHerewe focuson a collectionof related NP-hardmod-
elsthathave beenextensvely studiedin the socialnetworks com-
munity, andobtainthe rst provableapproximatiorguaranteeor
efcient algorithmsin a numberof generalcases.The generality
of themodelswe consideties betweerthatof thepolynomial-time
solvablemodelof [26] andthe very generaimodelof [10], where
the optimizationproblemcannotevenbe approximatedo within a
non-trivial factor

Webggin by departingsomevhatfrom theDomingos-Richardson
framework in the following sense:wheretheir modelsare essen-
tially descriptive specifyingajoint distribution over all nodes'be-
havior in a global sense we focus on more opeiational models
from mathematicasociology[15, 28] andinteractingparticlesys-
tems[11, 17] that explicitly representhe step-by-stemlynamics
of adoption.We shaw thatapproximatioralgorithmsfor maximiz-
ing the spreadof in uence in thesemodelscan be developedin
a generalframevork basedon submodularfunctions[9, 23]. We
alsoprovide computationaéxperimenton largecollaboratiomet-
works,shaving thatin additionto their provableguaranteequral-
gorithmssigni cantly out-performnode-selectiomeuristicsbased
on the well-studiednotionsof degree centrlity anddistancecen-
trality [30] from the eld of socialnetwork analysis.

Two Basic Diffusion Models. In consideringoperationaimodels
for the spreadof an ideaor innovation througha social network
G, representedby a directedgraph, we will speakof eachindi-
vidual node as being either active (an adopterof the innovation)
or inactive We will focuson settings,guidedby the motivation
discussedbore, in which eachnodes tendeng to becomeactive
increasegnonotonicallyas more of its neighborsbecomeactie.
Also, we will focusfor now ontheprogressivecasein which nodes
canswitchfrom beinginactive to beingactive, but do notswitchin
the otherdirection; it turnsout that this assumptiorcan easilybe
lifted later Thus,theproceswill look roughlyasfollows from the
perspectie of aninitially inactive nodev: astime unfolds, more
andmoreof v's neighborsbecomeactive; at somepoint, this may
causev to becomeactive, andv's decisionmayin turntriggerfur-
therdecisionsy nhodesto whichv is connected.
GranwetterandSchellingwereamongthe rst to proposemod-
elsthatcapturesuchaprocesstheirapproactwasbasecntheuse
of node-speci cthresholdg[15, 28]. Many modelsof this avor
have sincebeeninvestigatedqseee.g.[5, 15,18,19,21, 25, 28,29,
31, 32, 33])hut the following Linear ThresholdModel lies at the
coreof mostsubsequergeneralizationsin this model,anodev is
in ueﬂced by eachneighbomw accordingo aweightb, ., suchthat

b,w 1. Thedynamicsof theprocesshenproceed
w neigh bor of v
asfollows. Eachnodev choosesa threshold  uniformly at ran-
dom from the intenal [0; 1]; this representshe weightedfraction
of v's neighborghatmustbecomeactive in orderfor v to become
active. Given a randomchoiceof thresholdsandaninitial setof
active nodesA, (with all othernodesinactive), the diffusion pro-
cessunfoldsdeterministicallyin discretesteps in stept, all nodes
thatwereactive in stept 1 remainactive, andwe activate ary
nodev for which the total weightof its active neighborsgs atleast

v:
X
by w V.

w activ e neigh bor of v

Thus,thethresholds y intuitively representhedifferentlatentten-
denciesof nodesto adoptthe innovation whentheir neighborsdo;

the factthatthesearerandomlyselecteds intendedto modelour
lack of knowledge of their values— we arein effect averaging
over possiblethresholdvaluesfor all the nodes.(Anotherclassof
approachebard-wiresall thresholdsataknown valuelike 1=2; see
for examplework by Berger[5], Morris [21], andPeleg [25].)

Basednworkin interactingparticlesystemg11, 17]from prob-
ability theory we canalso considerdynamiccascademodelsfor
diffusion processesThe conceptuallysimplestmodelof this type
is what one could call the IndependentCascadeModel| investi-
gatedrecentlyin the context of marketing by Goldenbeg, Libai,
and Muller [13, 14]. We againstartwith aninitial setof active
nodesAy, andthe processunfoldsin discretestepsaccordingto
thefollowing randomizedule. Whennodev rst becomesactive
in stept, it is givenasinglechanceo activateeachcurrentlyinac-
tive neighbomw; it succeedsvith a probabilityp,.w — aparameter
of the system— independenthyof the history thusfar. (If w has
multiple newly activatedneighborstheirattemptsaresequenceth
anarbitraryorder) If v succeedshenw will becomeactivein step
t + 1; but whetheror notv succeedst cannotmale ary furtherat-
temptsto activatew in subsequentunds.Again, the processuns
until nomoreactiationsarepossible.

TheLinear Thresholdandindependen€CascadéModelsaretwo
of themostbasicandwidely-studieddiffusionmodels but of course
mary extensionsanbe consideredWe will turnto thisissuelater
in the paper proposinga generalframenork that simultaneously
includesbhothof thesemodelsasspecialcasesFor thesale of con-
cretenesi theintroduction,we will discussurresultsin termsof
thesetwo modelsin particular

Approximation Algorithms for In uence Maximization. Weare
now in a positionto formally expressthe Domingos-Richardson
style of optimization problem — choosinga good initial set of
nodesto target— in the contet of the above models. Both the
Linear ThresholdandIindependen€ascadéModels(aswell asthe
generalizationso follow) involve aninitial setof active nodesAg
that startthe diffusion process. We de ne the in uence of a set
of nodesA, denoted (A), to be the expectednumberof active
nodesat the end of the processgiven thatA is this initial active
setAp. Thein uence maximizatiorproblemasks.for a parameter
k, to nd ak-nodesetof maximumin uence. (Whendealingwith
algorithmsfor this problem,we will saythatthe chosensetA of
k initial active nodeshasbeentargetedfor activation by the algo-
rithm.) For themodelswe considerit is NP-hardto determinethe
optimumfor in uence maximization,aswe will shaow later

Our rst main resultis that the optimal solution for in uence
maximizationcan be ef ciently approximatedo within a factor
of (1 1=e "), in boththe Linear ThresholdandIndependent
Cascadenodels; heree is the baseof the naturallogarithm and
" is ary positive real number (Thus, this is a performanceguar
anteeslightly betterthan63%.) The algorithmthat achieves this
performanceguaranteds a natural greedyhill-climbing stratey
relatedto the approachconsideredn [10], and so the main con-
tentof this resultis the analysisframevork neededor obtaininga
provableperformanceyuaranteeandthefairly surprisingfactthat
hill-climbing is alwayswithin a factorof at least63% of optimal
for this problem.We prove thisresultin Section2 usingtechniques
from thetheoryof submodulafunctions[9, 23], whichwe describe
in detailbelow, andwhich turn outto provide a naturalcontet for
reasoningaboutboth modelsand algorithmsfor in uence maxi-
mization.

In fact, this analysisframework allows usto designand prove
guarantee$or approximationalgorithmsin muchricherandmore
realisticmodelsof theprocesseby whichwe marketto nodes.The



deterministicactivation of individual nodesis a highly simpli ed

model;anissuealsoconsideredn [10, 26] is thatwe mayin reality
have a large numberof differentmarketing actionsavailable,each
of whichmayin uence nodesn differentways. Theavailablebud-
getcanbedividedarbitrarily betweertheseactions.We shav how

to extendtheanalysigo this substantiallymoregeneraframevork.

Ourmainresulthereis thata generalizatiorof the hill-climbing al-
gorithmstill providesapproximatiorguaranteearbitrarily closeto
1 1=e.

It is worth brie y consideringhe generalissueof performance
guaranteegor algorithmsin thesesettings. For both the Linear
Thresholdandthelndependen€ascadenodelsthein uence max-
imizationproblemis NP-completebut it canbeapproximatedvell.
In thelinearmodelof RichardsorandDomingos[26], onthe other
hand,boththe propagatiorof in uence aswell asthe effect of the
initial targetingarelinear. Initial marketing decisionsherearethus
limited in their effect on nodeactiations;eachnode$ probability
of activationis obtainedasa linearcombinationof the effect of tar
getingandthe effect of the neighbors.In this fully linear model,
thein uence canbe maximizedby solvingasystenof linearequa-
tions. In contrast,we canshawv that generalmodelslike that of
DomingosandRichardsorj10], andeven simplemodelsthatbuild
in a x edthreshold(like 1=2) atall nodeq5, 21, 25], leadto in u-
encemaximizationproblemghatcannotbeapproximatedo within
ary non-trivial factor assuming® 6 NP. Our analysisof approx-
imability thussuggesta way of tracingoutamoredelicatebound-
ary of tractabilitythroughthe setof possiblemodels by helpingto
distinguishamongthosefor which simpleheuristicgprovide strong
performanceguaranteeandthosefor which they canbearbitrarily
far from optimal. Thisin turn cansuggesthedevelopmeniof both
more pawerful algorithms,andthe designof accuratemodelsthat
simultaneouslhallow for tractableoptimization.

Following the approximationand NP-hardnessesults,we de-
scribein Section3 the resultsof computationakxperimentswith
boththeLinearThresholdandindependen€ascad&lodels,shav-
ing thatthehill-climbing algorithmsigni cantly out-performsstrate-
giesbasedntargetinghigh-deyreeor “central’ nodeq30]. In Sec-
tion 4 we thendevelop a generalmodel of diffusion processein
socialnetworksthatsimultaneouslgeneralizeshe LinearThresh-
old andindependen€ascaddviodels,aswell asanumberof other
naturalcasesandwe shav how to obtainapproximationguaran-
teesfor alarge sub-clasof thesemodels.In Sectionss and6, we
alsoconsiderextensionsof our approximationalgorithmsto mod-
els with morerealistic scenariodn mind: more complex marlet-
ing actionsasdiscussedbove, and non-piogressiveprocessesin
which active nodesmaybecomdnactive in subsequersgteps.

2. APPROXIMA TION GUARANTEESIN THE
INDEPENDENT CASCADE AND LINEAR
THRESHOLD MODELS

The overall approach. We begin by describingour stratgy for
proving approximationguaranteesConsideran arbitraryfunction
f () thatmapssubset®f a nite groundsetU to non-ngative real
numbers. We saythatf is submodulaif it satis esa natural“di-

minishingreturns”property:themamginal gainfrom addinganele-
mentto asetS is atleastashigh asthemamginal gainfrom adding

!Notethatthein uence function () de ned above hasthis form;
it mapseachsubsetA of the nodesof the socialnetwork to areal
numberdenotingthe expectedsize of the activatedsetif A is tar
getedfor initial activation.

thesameelemento a supersebf S. Formally, asubmodulafunc-
tion satis es

f(S[ fvg) f(S) f(T[ fvg)

for all elementss andall pairsof setsS ~ T.
Submodularfunctionshave a numberof very nice tractability
propertiesthe onethatis relevantto ushereis thefollowing. Sup-
posewe have a function f that is submodular takes only non-
negative values,andis monotondn the sensethat addingan ele-
mentto a setcannotcausef to decreasef (S [ fvg) f(S)
for all elementss andsetsS. We wishto nd ak-elementsetS
for which f (S) is maximized. This is an NP-hardoptimization
problem(it canbe shawvn to containthe Hitting Setproblemasa
simplespecialcase)but aresultof NemhauseWolsey, andFisher
[9, 23] shaws thatthefollowing greedyhill-climbing algorithmap-
proximatesthe optimumto within afactorof (1  1=¢€) (wheree
is the baseof the naturallogarithm): startwith the emptyset,and
repeatedhaddanelementhatgivesthe maximummaiginal gain.

f(T);

THEOREM 2.1. [9, 23] For a non-ngjative monotonesubmod-
ular functionf , let S be a setof sizek obtainedby selectingele-
mentsoneat a time ead time choosingan elementhat provides
the largestmamginal increasein the functionvalue LetS bea
setthat maximizegshe value of f over all k-elementsets. Then
f(S) (@ 1=e¢ f(S );inotherwords,S providesa(l 1=€)-
approximation.

Dueto its generalitythis resulthasfoundapplicationsn anum-
berof areaof discreteoptimization(seee.g.[22]); the only direct
useof it thatwe areawareof in the databaseanddatamining lit-
eratureis in a context very differentfrom ours,for the problemof
selectingdatabas®iews to materialize[16].

Our stratgyy will beto shav thatfor the modelswe areconsid-
ering,theresultingin uence function () is submodularA subtle
dif culty liesin thefactthattheresultof Nemhauseetal. assumes
thatthe greedyalgorithmcanevaluatethe underlyingfunction ex-
actly, which may not be the casefor the in uence function (A).
However, by simulatingthe diffusion processandsamplingthere-
sulting active sets,we areableto obtainarbitrarily closeapproxi-
mationsto (A), with high probability Furthermorepnecanex-
tendtheresultof Nemhauseetal. to shav thatfor ary " > 0, there
isa > 0suchthatby using(1 + )-approximatevaluesfor the
functionto beoptimized,weobtaina(l 1=e ")-approximation.

As mentionedin the introduction,we can extend this analysis
to a generalmodelwith morecomplex marketing actionsthatcan
have a probabilisticeffect on the initial activation of nodes. We
shaw in Section6 how, with amorecarefulhill-climbing algorithm
and a generalizatiorof Theorem2.1, we can obtain comparable
approximatiorguarantee this setting.

A further extensionis to assumehat eachnodev hasan asso-
ciatednon-ngative weightw, , capturinghow importantit is that
v be activatedin the nal outcome. (For instancejf we aremar
keting textbooksto college teachersthenthe weight could be the
numberof studentsn the teaches class,resultingin a larger or
smallernumberof sales.)If we let B denotethe (random)setac-
tivatedby the processwith initial activation A, thenwe cande ne
the weightedin uence function [ (A) to be the expectedvalue
over outcomesB of the quantity ,,5 wy. Thein uence func-
tion studiedabore is the specialcaseobtainedby settingw, = 1
for all nodesv. Theobjective functionwith weightsis submodular
wheneer the unweightedversionis, sowe canstill usethe greedy
algorithmfor obtaininga(1 1=e ")-approximationNote,how-
ever, thata samplingalgorithmto approximatelychoosethe next
elementmay needtime thatdepend®n the sizesof theweights.



IndependentCascade

In view of the above discussionan approximationguarantedor
in uence maximizationin the Independen€ascadé/odel will be
aconsequencef thefollowing

THEOREM 2.2. For an arbitrary instanceof the Independent
CascadeModel, theresultingin uence function () is submodu-
lar.

In orderto establishthis result, we needto look, implicitly or
explicitly, attheexpression (A [ fvg) (A), for arbitrarysets
A andelementsy. In otherwords,whatincreasedo we getin the
expectednumberof overall activationswhenwe addv to the set
A? Thisincreasss very dif cult to analyzedirectly, becausét is
hardto work with quantitiesof theform (A). For example,the
Independen€Cascaderocesss underspeci edsincewe have not
prescribedheorderin which newly activatednodesn agivenstep
t will attemptto activate their neighbors. Thus, it is not initially
obvious thatthe processs even well-de ned, in the sensethat it
yields the samedistribution over outcomesregardlessof how we
schedulgheattemptedactivations.

Our proof dealswith thesedif culties by formulatingan equi-
alentview of the processwhich makesit easierto seethatthere
is an orderindependenbutcome,andwhich providesan alternate
way to reasoraboutthe submodularityproperty

Considerapointin thecascad@rocessvhennodev hasjustbe-
comeactive, andit attemptgo actvateits neighborw, succeeding
with probability py.w . We canview the outcomeof this random
eventasbeingdeterminedy ipping acoinof biaspy.w . Fromthe
point of view of the processit clearly doesnot matterwhetherthe
coinwas ipped atthemomentthatv becameactive, or whetherit
was ipped atthevery beginning of thewhole processandis only
beingrevealednow. Continuingthis reasoningwe canin factas-
sumethatfor ead pair of neighborqv; w) in the graph,a coin of
biaspy.w is ipped atthevery begginning of the procesgindepen-
dentlyof thecoinsfor all otherpairsof neighbors)andtheresultis
storedsothatit canbelaterchecledin the eventthatv is activated
while w is still inactive.

With all the coins ipped in adwance the procescanbeviewed
asfollows. The edgesin G for which the coin ip indicatedan
activationwill besuccessfulredeclaredo belive; the remaining
edgesaredeclaredo beblodcked If we x theoutcomeof thecoin

ips andtheninitially activateasetA, it is clearhow to determine
thefull setof active nodesattheendof thecascad@rocess:

CLAIM 2.3. A nodex endsup activeif and only if there is a
path from somenodein A to x consistingentirely of live edges.
(Wewill call sud a patha live-edgepath)

Considetthe probability spacen which eachsamplepoint spec-
i es onepossiblesetof outcomedor all thecoin ips ontheedges.
Let X denoteonesamplepointin this spaceandde ne x (A) to
be the total numberof nodesactivatedby the processvhenA is
the setinitially tamgeted,andX is the setof outcomesof all coin
ips onedgesBecausave have x edachoicefor X, x (A)isin
facta deterministicquantity andthereis a naturalway to express
its value,asfollows. Let R(v; X ) denotethe setof all nodesthat
canbereachedrom v on a pathconsistingentirely of live edges.
By Claim 2.3, x (A) is the numberof nodesthatcanbereached
on live-edgepathsfrom any nodein A, andsoit is equalto the
cardinalityof theunion[ vz a R(v; X).

Proof of Theorem2.2. First, we claim that for each x ed out-
comeX , thefunction x (') is submodularTo seethis, let S and

T betwo setsof nodessuchthatS T, andconsiderthe quantity
x (S| fvg) x(8). Thisisthenumberof elementsn R(v; X))
thatarenotalreadyin theunion[ 42 sR(u; X); it is atleastaslarge
asthe numberof elementsn R(v; X ) thatarenotin the (bigger)
union[ 27 R(u; X). It follows that x (S[ fvg) x (S)
x (T [ fvg) x (T), which is the de ning inequalityfor sub-
modularity Finally, we have
(A) =

ProgX] x (A);

outcomes X

sincethe expectednumberof nodesactivatedis just the weighted
averageover all outcomes.But a non-n@ative linearcombination
of submodulafunctionsis alsosubmodulgrandhence () is sub-
modular which concludeghe proof. [ ]

Next we shav the hardnes®f in uence maximization.

THEOREM 2.4. Thein uencemaximizatiorproblemis NP-had
for thelndependen€ascademodel.

Proof. Consideraninstanceof the NP-completeSetCaver prob-

k of the subsetsvhoseunionis equalto U. (We canassumehat
k < n < m:) We shaw thatthis canbeviewed asa specialcaseof
thein uence maximizationproblem.
Givenanarbitraryinstanceof the SetCover problem,we de ne
a correspondinglirectedbipartitegraphwith n + m nodes:there
is anodei correspondingo eachsetS;, a nodej corresponding
to eachelementu; , andadirectededge(i; j ) with activationprob-
ability pij = 1 wheneeru; 2 S;. The SetCover problemis
equivalentto decidingif thereis a setA of k nodesin this graph
with (A) n + k. Notethatfor the instancewe have de ned,
activation is a deterministicprocess,as all probabilitiesare 0 or
1. Initially activatingthe k nodescorrespondingo setsin a Set
Cover solutionresultsin activating all n nodescorrespondingo
thegroundsetU, andif ary setA of k nodeshas (A) n+ Kk,
thenthe SetCover problemmustbe sohvable. [ ]

Linear Thresholds
We now prove ananalogousesultfor the Linear ThresholdvViodel.

THEOREM 2.5. For anarbitrary instanceof theLinear Thresh-
old Model,theresultingin uence function (') is submodular

Proof. Theanalysids abit moreintricatethanin theproofof The-
orem2.2, but the overall agumenthasa similar structure. In the
proofof Theorem?2.2,we constructec&nequialentprocessy ini-
tially resolvingthe outcomeof somerandomchoices considering
eachoutcomein isolation, andthenaveragingover all outcomes.
FortheLinearThresholdModel, thesimplestanaloguevould beto
considerthe behaior of the processfter all nodethresholdshave
beenchosen. Unfortunately for a x ed choiceof thresholdsthe
numberof activatednodesis notin generala submodulafunction
of thetargetedset;this factnecessitatea moresubtleanalysis.
Recallthateachnodev hasanin uence weightfy.y 0 from
eachof its neighborswv, subjectotheconstrainthat | byw 1.
(We canextendthe notationby writing b,.w = 0 whenw is nota
neighborof v.) Supposédhatv picks at mostone of its incoming
edgesat random,selectingthe edgefrom vp with probability b
andselectingno edgewith probability 1 w Bvow . Theselected
edgeis declaredto be “live; andall otheredgesare declaredto
be “blocked” (Note the contrastwith the proof of Theorem2.2:
there,we determinedwvhetheran edgewaslive independentlyof



the decisionfor eachotheredge;here,we negatively correlatethe
decisionssothatat mostonelive edgeenterseachnode.)
Thecruxof theproofliesin establishingClaim 2.6 below, which
assertghatthe Linear Thresholdmodelis equivalentto reachabil-
ity via live-edgepathsasde ned abose. Oncethatequialenceis
establishedsubmodularityfollows exactly asin the proof of The-
orem2.2. We cande ne R(v; X ) asbeforeto be the setof all
nodesreachabldrom v on live-edgepaths,subjectto a choiceX
of live/blocled designationgor all edgesit followsthat x (A) is
the cardinalityof theunion[ y2 A R(v; X ), andhencea submodu-
lar functionof A; nally, thefunction () is anon-ngate linear
combinationof thefunctions x () andhencealsosubmodular m

CLAIM 2.6. For a giventargetedsetA, the following two dis-
tributionsover setsof nodesare the same:

(i) Thedistributionover activesetsobtainedby runningtheLin-
ear Thresholdprocesso completionstartingfromA ; and

(i) ThedistributionoversetsreahablefromA vialive-edg paths,
undertherandomselectionof live edgesde ned above

Proof. Weneedo provethatreachabilityunderourrandomchoice
of live andblocked edgesde nes a processequivalentto that of

the Linear ThresholdModel. To obtainintuition aboutthis equiv-

alence,it is usefulto rst analyzethe specialcasein which the
underlyinggraphG is directedandagyclic. In this casewe can x

go from earliernodesto laternodesin the order),andbuild up the
distribution of active setsby following this order For eachnodev;,
supposewe alreadyhave determinedthe distribution over active
subset®f its neighbors Thenunderthe Linear Thresholdprocess,
the probability that vi will bgcomeactive, given that a subsetS;
of its neighborsis active, is w2s, b/, .w . Thisis preciselythe
probability that the live incoming edgeselectedby v; liesin S;,
andso inductively we seethat the two processesle ne the same
distribution over active sets.

To prove the claim generally considera graph G that is not
agyclic. It becomedrickier to shaw the equivalence becausé¢here
is no naturalorderingof the nodesover which to performinduc-
tion. Instead we argueby inductionover theiterationsof theLLin-
earThresholdprocess.We de ne A; to bethe setof active nodes
attheendof iterationt, fort = 0; 1;2;::: (notethatAy is theset
initially targeted). If nodev hasnot becomeactive by the end of
iterationt, thenthe probability thatit becomesactive in iteration
t + 1is equalto thechancehatthein uence weightsin At nA; 1
pushit overits threshold gigenthatits thresholdvasnot exceeded

already:this probabilityis —“M:
1 u2A; 1 h/;u

Ontheotherhand we canrunthelive-edgeprocesdy revealing
theidentitiesof the live edgesgraduallyasfollows. We startwith
thetargetedsetA. For eachnodev with atleastoneedgefrom the
setA, we determinewhetherv's live edgecomesfrom A. If so,
thenv is reachablebut if not, we keepthe sourceof v'slive edge
unknavn, subjectto the conditionthatit comesfrom outsideA.
Having now exposeda new setof reachablenodesA in the rst
stage we proceedo identify further reachablenodesby perform-
ing the sameprocesson edgesfrom A2, andin this way produce
setsA%; AY::: .. If nodev hasnotbeendeterminedo bereachable
by the end of staget, thenthe probability thatit is determinedo
bereachabléen staget + 1 is equalto the chancethatits live edge
comesfrom A¢ nA; 1, giventhagits live edgehasnot comefrom

lJ/;u
ary of theearliersets.But thisis —”M; whichis the

U2A¢ 1 h/;u

sameasin theLinearThresholdproces®f thepreviousparagraph.
Thus,by inductionover thesestagesye seethatthelive-edgepro-
cessproduceghe samedistribution over active setsasthe Linear
Thresholdprocess. [ ]

In uence maximizationis hardin this modelaswell.

THEOREM 2.7. Thein uencemaximizatiorproblemis NP-had
for theLinear Thresholdmodel.

Proof. Considemninstanceof theNP-completé/ertex Coverprob-
lem de ned by anundirectech-nodegraphG = (V; E) andanin-
tegerk; we wantto know if thereis asetS of k nodesin G sothat
every edgehasatleastoneendpointin S. We shav thatthis canbe
viewed asa specialcaseof thein uence maximizationproblem.
Givenaninstanceof the Veertex Cover probleminvolving agraph
G, we de ne acorrespondingnstanceof thein uence maximiza-
tion problemby directingall edgesof G in bothdirections.If there
is avertex cover S of sizek in G, thenone candeterministically
male (A) = n by tamgetingthe nodesin thesetA = S; con-
versely thisis theonly wayto getasetA with (A) = n. [ ]

In the proofsof boththeapproximatiortheoremsn this section,
we establishedubmodularityby consideringanequivalentprocess
in which eachnode“hard-wired” certainof its incidentedgesas
transmittingin uence from neighbors This turnsoutto be a proof
techniguethatcanbe formulatedin generakerms,anddirectly ap-
plied to give approximabilityresultsfor othermodelsaswell. We
discussthis further in the context of the generalframevork pre-
sentedn Section4.

3. EXPERIMENTS

In addition to obtaining worst-caseguaranteeon the perfor
manceof our approximatioralgorithm,we areinterestedn under
standingits behaior in practice,and comparingits performance
to otherheuristicsfor identifying in uential individuals. We nd
that our greedyalgorithm achieves signi cant performancegains
over several widely-usedstructuralmeasuresf in uence in social
networks[30].

The Network Data. Forevaluation,it is desirableo useanetwork
datasethat exhibits mary of the structuralfeaturesof large-scale
social networks. At the sametime, we do not addresshe issue
of inferring actualin uence parameterfrom network obsenrations
(seee.q.[10, 26]). Thus,for our testbedwe emplo/ a collabo-
rationgraphobtainedfrom co-authorships physicspublications,
with simplesettingsof thein uence parameterslt hasbeenargued
extensiely that co-authorshimetworks capturemary of the key
featuresf socialnetworks moregenerally{24]. Theco-authorship
datawas compiledfrom the completelist of papersin the high-
enepy physicstheorysectionof thee-printarXiv (www.arxiv.org).2

Thecollaborationgraphcontainsanodefor eachresearchewho
hasat leastonepaperwith co-author(s)n the arXiv databaseFor
eachpaperwith two or moreauthorswe insertedan edgefor each
pair of authors(single-authompaperswere ignored). Notice that
thisresultsin paralleledgesvhentwo researchersave co-authored
multiple papers— we kepttheseparalleledgesasthey canbein-
terpretedto indicate strongersocial ties betweenthe researchers
involved. Theresultinggraphhas10748nodesandedgesetween
about53000pairsof nodes.

2\We alsoran experimentson the co-authorshimgraphsinducedby
theoreticatomputeisciencepapersWedonotreportontheresults
here,asthey arevery similar to the onesfor high-enegy physics.



While processinghedata,we correctedmary commontypesof
mistalesautomaticallyor manually In orderto dealwith aliasing
problemsat leastpartially, we abbreviated rst namesanduni ed
spellingsfor foreigncharactersWe believe thattheresultinggraph
is agoodapproximatiorto theactualcollaboratiorgraph(thesheer
volumeof dataprohibitsa completemanualcleaningpass).

The In uence Models. We comparedhe algorithmsin threedif-
ferentmodelsofin uence. In thelinearthresholdnodel wetreated
themultiplicity of edgesasweights.If nodesu; v havec, parallel
edgesbetweernthem,anddegreesd, andd,, thenthe edge(u; v)
hasweight §*-, andthe edge(v; u) hasweight <.

In theindependentascadenodel,we assigned uniform proba-
bility of p to eachedgeof thegraph,choosingp to be 1% and10%
in separatdrials. If nodesu andv have c,y paralleledgesthen
we assumehat for eachof thosec,.,, edgesu hasa chanceof p
to activatev, i.e. u hasa total probabilityof 1 (1  p)° of
activatingv onceit becomesctive.

Theindependentascadenodelwith uniform probabilitiesp on
the edgeshasthe propertythat high-degree nodesnot only have
achanceto in uence mary othernodes,but alsoto bein uenced
by them. Whetheror not this is a desirableinterpretationof the
in uence datais an application-speci cissue. Motivatedby this,
we choseto alsoconsideranalternatve interpretationwhereedges
into high-dggreenodesareassignedmallemprobabilities.We study
a specialcaseof the IndependeniCascadeModel that we term
“weighted cascade”jn which eachedgefrom nodeu to v is as-
signedprobability 1=d, of activating v. The weightedcascade
model resembleghe linear thresholdmodelin that the expected
numberof neighborswho would succeedn activatinga nodev is
1in bothmodels.

The algorithms and implementation. We compareour greedy
algorithm with heuristicsbasedon nodes' degreesand centrality
within the network, aswell asthe crudebaselineof choosingran-
domnodego target. The degreeandcentrality-basetheuristicsare
commonlyusedin the sociologyliteratureasestimate®f anodes
in uence [30].

Thehigh-degreeheuristicchoosesiodesy in orderof decreasing
degreesd, . Consideringhigh-dggreenodesasin uential haslong
beena standardapproactor socialandothernetworks[30, 1], and
is known in the sociologyliteratureas“degreecentrality”.

“Distancecentrality” is anothercommonlyusedin uence mea-
surein sociology building ontheassumptiorthatanodewith short
pathsto othernodesn anetwork will have ahigherchanceof in u-
encingthem.Hence we selecinodesn orderof increasingaverage
distanceto othernodesin the network. As the arXiv collaboration
graphis not connectedye assigned distanceof n — thenumber
of nodesin the graph— for ary pair of unconnectechodes. This
valueis signi cantly largerthanary actualdistanceandthuscan
be consideredo play the role of anin nite distance. In particu-
lar, nodesin the largestconnecteccomponentwill have smallest
averagedistance.

Finally, we considerasa baselinetheresultof choosingnodes
uniformly atrandom.Noticethatbecauséheoptimizationproblem
is NP-hard,andthe collaborationgraphis prohibitively large, we
cannotcomputethe optimumvalueto verify the actual quality of
approximations.

Both in choosingthe nodesto targetwith the greedyalgorithm,
andin evaluatingthe performanceof the algorithms,we needto
computethevalue (A). It is an openquestionto computethis
guantity exactly by an ef cient method,but very good estimates
canbe obtainedby simulatingthe randomprocess.More specif-

ically, we simulatethe processl0000timesfor eachtamgetedset,
re-choosingthresholdsor edgeoutcomespseudo-randomlyrom
[0; 1] every time. Previousrunsindicatethatthe quality of approx-
imationafter 1L0000iterationsis comparabldo thatafter300000or
moreiterations.

The results Figure 1 shavs the performanceof the algorithms
in the linear thresholdmodel. The greedyalgorithm outperforms
the high-deggreenodeheuristicby about18%, andthe centralnode
heuristicby over 40%. (As expected,choosingrandomnodesis

not a goodidea.) This shaws that signi cantly bettermarketing

resultscanbe obtainedby explicitly consideringthe dynamicsof

informationin a network, ratherthanrelying solely on structural
propertiesof thegraph.

1200 T T T T

éreedy —_—
high degree -------

central --------

random

1000 g
800 [ ]

600 |- ~

active set size

0 dal 1 1 1 1 1
0 5 10 15 20 25 30

target set size

Figure 1: Resultsfor the linear thr esholdmodel

Wheninvestigatingthe reasorwhy the high-deyreeandcentral-
ity heuristicsdo not performaswell, oneseeghatthey ignoresuch
network effects.In particular neitherof the heuristicincorporates
the fact that mary of the most central (or highest-dgree) nodes
may be clustered so thattamgetingall of themis unnecessaryin
fact, the uneven natureof thesecurves suggestghat the network
in uence of mary nodesis not accuratelyre ected by their degree
or centrality

Figure2 shaws theresultsfor theweightedcascadenodel. No-
tice the striking similarity to the linearthresholdmodel. The scale
is slightly different (all valuesare about25% smaller), but the
behaior is qualitatively the same,even with respectto the exact
nodeswhosenetwork in uence is notre ected accuratelyby their
degreeor centrality Thereasoris thatin expectationgachnodeis
in uenced by the samenumberof othernodesin bothmodels(see
Section2), andthe degreesarerelatively concentrate@roundtheir
expectationof 1.

The graphfor the independentascademodel with probability
1%, givenin Figure3, seemsvery similar to the previous two at

rst glance.Notice, however, the very differentscale:on average,
eachtargetednodeonly activatesthreeadditionalnodes. Hence,
the network effectsin the independentascadeamodel with very
smallprobabilitiesaremuchwealer thanin the othermodels.Sev-

eral nodeshave degreeswell exceedingl100, so the probabilities
ontheirincomingedgesareevensmallerthan1% in the weighted
cascadenodel. This suggestshatthe network effectsobsenred for

the linear thresholdand weightedcascadanodelsrely hearily on
low-degreenodesasmultipliers,eventhoughtargetinghigh-deyree
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Figure2: Resultsfor the weighted cascademodel

nodesis areasonabléeuristic.Also noticethatin theindependent
cascadamodel, the heuristicof choosingrandomnodesperforms
signi cantly betterthanin the previoustwo models.
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Figure 3: Independentcascademodelwith probability 1%

Theimprovementin performancef the“randomnodes’heuris-
tic is even more pronouncedor the independentascadenodel
with probabilitiesequalto 10%, depictedn Figure4. In thatmodel,
it startsto outperformboth the high-dgreeandthe centralnodes
heuristicsvhenmorethan12 nodesaretarmgeted.lt is initially sur
prising that randomtargeting for this model shouldleadto more
activationsthancentrality-basethrgeting,but in factthereis anat-
uralunderlyingreasorthatwe explore now.

The rst targetednode,if chosersomavhatjudiciously will ac-
tivate a large fraction of the network, in our casealmost 25%.
However, ary additionalnodeswill only reacha small additional
fraction of the network. In particular othercentralor high-degree
nodesareverylikely to beactivatedby theinitially choserone,and
thushave hardlyarny mamginal gain. This explainstheshape®f the
curvesfor the high-degreeandcentralityheuristics which leapup
to about2415activatednodes put malke virtually no progressafter
wards.Thegreedyalgorithm,on the otherhand takesthe effect of
the rst chosemodeinto account,andtargetsnodeswith smaller
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Figure 4: Independentcascadanodel with probability 10%

mamginal gain afterwards. Hence,its active setkeepsgrowing, al-
thoughat a muchsmallerslopethanin othermodels.

The randomheuristicdoesnot do aswell initially asthe other
heuristics,but with sufciently mary attempts,it eventually hits
somehighly in uential nodesand becomescompetitve with the
centrality-basedode choices. Becausdt doesnot focus exclu-
sively on centralnodes,t eventuallytargetsnodeswith additional
mamginal gain,andsurpassethetwo centrality-basetheuristics.

4. A GENERAL FRAMEW ORK FOR INFLU-
ENCE MAXIMIZA TION

General Thr esholdand CascadeModels. We have thusfarbeen
consideringtwo speci ¢, widely studiedmodelsfor the diffusion
of in uence. We now proposea broaderframenork that simulta-
neouslygeneralizeshesetwo models,andallows usto explorethe
limits of modelsin which strongapproximationguaranteesanbe
obtained. Our generalframeavork hasequialent formulationsin

termsof thresholdsandcascadegherebyunifying thesetwo views
of diffusionthrougha socialnetwork.

A general thr eshold model. We would like to be able to
expressthe notion that a node v's decisionto becomeac-
tive can be basedon an arbitrary monotonefunction of the
setof neighborsof v that are alreadyactive. Thus, associ-
atedwith v is a monotonethresholdfunctionf, that maps
subsetsof v's neighborsetto real numbersin [0; 1], sub-
ject to the conditionthatf,(;) = 0. The diffusion pro-
cessfollows the generalstructureof the Linear Threshold
Model. Eachnodev initially chooses y uniformly at ran-
domfromtheintenal [0; 1]. Now, however, v becomesctive
in stept if f,(S) v, WhereS is the setof neighborsof v
thatareactive in stept 1. Notethatthe Linear Threshold
Model is the specialcgsein which eachthresholdfunction
hasthef%mf\,(S) = .25 by for parameterd, ., such

that b.. L

u neigh bor of v
A generalcascadanodel. We generalizeéhe cascadenodel
to allow the probabilitythatu succeed# activatinganeigh-
bor v to dependon the setof v's neighborghathave already
tried. Thus,we de ne anincrementalfunctionpy (u; S) 2
[0; 1], whereS andf ug aredisjoint subsetof v's neighbor



set. A generalcascadeprocessworks by analogywith the
independentase:in thegenerakasewhenu attemptgo ac-
tivatev, it succeedsvith probabilitypy (u; S), whereS is the
setof neighborsthat have alreadytried (andfailed) to acti-
vatev. The IndependenCascadeModel is the specialcase
wherep, (u; S) is aconstanpy, , independenof S. We will

only beinterestedn cascadaenodelsde ned by incremental
functionsthat are orderindependenin the following sense:

bility thatv is activatedattheendof these attemptsloesnot
dependontheorderin which theattemptsaremade.

Thesetwo modelsareequivalent,andwe give a methodto con-
vertbetweerthem.First,consideaninstanceof thegenerathresh-
old modelwith thresholdfunctionsf,. To de ne an equialent
cascadanodel,we needto understandhe probability that an ad-
ditional neighboru canactivatev, giventhatthe nodesin a setS
have alreadytried andfailed. If the nodesin S have failed, then
nodev'sthreshold v mustbein therange v 2 (fy(S); 1]. How-
ever, subjectto this constraintjt is uniformly distributed. Thusthe
probability thata neighboru 2 S succeedsn activating v, given
thatthenodesin S havefailed,is

fv (S [ f Ug)
1 fu(S)
It is not dif cult to shav thatthe cascadgrocesswith thesefunc-

tionsis equivalentto the original thresholdprocess.
Conversely considera nodev in the cascadenodel,anda set

fv(S).

pv(u;S) =

Thentl‘@probabilitythatv is notactivatedby this processs by def-
iniion ~_, (1 pv(ui;Si 1)). Recallthatwe assumedhatthe
orderin whichtheu; try to activatev doesnot affect their overall
succesprobability Hence,this \@Iuedependson the setS only,
andwecandenef,(S) =1 ~ (1 p.(ui;Si 1)). Anal-
ogously onecanshaw thatthis instanceof the thresholdmodelis
equivalentto theoriginal cascaderocess.

An Inappr oximability Result. Thegeneramodelproposedbore

includedargefamiliesof instancegor whichthein uencefunction
() is notsubmodularindeed,t maybecome\P-hardto approx-

imatethe optimizationproblemto within ary non-trivial factor

THEOREM 4.1. In geneal, it is NP-had to approximatethein-
uence maximizationproblemto within a factor of n* ", for any
"> 0.

Proof. To prove this result,we reducefrom the SetCover prob-
lem. We startwith the constructionfrom the proof of Theorem

elementsi.e.u; becomesctive whenatleastoneof thenodescor-
respondingo setscontainingu; is active. Next, for an arbitrarily

is connectedo all of thenodeau;, andit becomesctive only when
all of theu; are.

If thereareatmostk setsthatcover all elementsthenactivating
thenodescorrespondingo thesek setswill activateall of thenodes
ui, andthusalsoall of thex; . In total, atleastN + n + k nodes
will be active. Conversely if thereis no setcover of sizek, then
no tamgetedsetwill activateall of theu;, andhencenoneof thex;
will becomeactive (unlesgameted).In particular fewerthann + k
nodesareactive in theend. If analgorithmcould approximatehe
problemwithin n* * for ary ", it could distinguishbetweenthe
caseswvhereN + n + k nodesare active in the end, and where

fewerthann + k are.But thiswould solve the underlyinginstance
of SetCover, andthereforeis impossibleassuming® 6 NP. [ ]

Note that our inapproximability result holds in a very simple
model,in which eachnodeis “hard-wired” with a x edthreshold.

Exploring the Boundaries of Approximability . Thus,the gen-
eralthresholdandcascadenodelsaretoo broadto allow for non-
trivial approximationguaranteesn their full generality At the
sametime, we have seenthatthe greedyalgorithmachiezesstrong
guaranteefor someof themainspecialcasesn thesocialnetworks
literature.How far canwe extendtheseapproximabilityresults?
We cangeneralizehe prooftechniqueusedin Theorem<.2and
2.5to amodelthatis lessgeneral(andalsolessnatural)thanthe
generathresholdandcascadenodels;however, it includesour spe-
cial casedrom Section2, andeveryinstanceof thismodelwill have
asubmodulain uence function. Themodelis asfollows.

The Triggering Model. Eachnodev independentlghooses
arandom“triggering set” Ty accordingto somedistribution
over subsetof its neighbors.To startthe processye target
a setA for initial activation. After this initial iteration,an
inactive nodev becomesctie in stept if it hasa neighbor
in its chosentriggeringset T, thatis active attimet 1.
(Thus,Vv's thresholdhasbeenreplacedby a latentsubsebf
Ty of neighboravhosebehaior actuallyaffectsv.)

It is usefulto think of the triggering setsin termsof “live” and
“blocked” edges:if nodeu belongsto the triggeringsetT, of v,
thenwe declareheedge(u; v) to belive,andotherwisewe declare
it to beblocked. As in the proofsof Theorem®.2and2.5,anode
v is activatedin aninstanceof the TriggeringModel if andonly
if thereis a live-edgepathfrom the initially targetedsetA to v.
Following theargumentdn theseproofs,we obtainthe following

THEOREM 4.2. In everyinstanceof the Triggering Model, the
in uencefunction () is submodular

Beyond the IndependenCascadeand Linear Threshold,there
are other naturalspecialcasesof the Triggering Model. One ex-
ampleis the “Only-Listen-Once”Model. Here,eachnodev hasa
parametep, sothatthe rst neighborof v to beactivatedcauses
to becomeactive with probability py, andall subsequenattempts
to activatev deterministicallyfail. (In otherwords,v only listens
to the rst neighborthattriesto activateit.) This processhasan
equivalentformulationin the Triggering SetModel, with an edge
distribution de ned asfollows: for any nodev, the triggeringset
Ty is eitherthe entire neighborsetof v (with probability p,), or
the emptysetotherwise.As aresult,thein uence functionin the
Only-Listen-OnceModel is alsosubmodularandwe canobtaina
(1 1=e ")-approximatiorhereaswell.

However, we canshaw that thereexist modelswith submodu-
lar in uence functionsthatdo not have equivalentformulationsin
termsof triggeringsets soit makessensdo seekfurthermodelsin
which submodularityholds.

Onetractablespecialcaseof the cascadenodelis basedon the
naturalrestrictionthatthe probability of a nodeu in uencing v is
non-increasingsafunctionof thesetof nodeghathave previously
triedto in uencev. In termsof the cascadenodel,this meanghat
pv(u;S)  pv(u; T) wheneerS  T. Wesaythataprocessat-
isfying theseconditionsis an instanceof the DecreasingCascade
Model Although thereare naturalDecreasingCascadenstances
thathave no equivalentformulationin termsof triggeringsets,we
canshav by amoreintricateanalysishatevery instanceof the De-
creasingCascadéModel hasa submodulain uence function. We
will includedetailsof this proofin thefull versionof the paper



A Conjecture. Finally, we stateanappealingconjecturghatwould
includeall theapproximabilityresultsabove asspecialcases.

CONJECTURE 4.3. Wheneer the thresholdfunctionsf , at ev-
ery node are monotoneand submodular the resulting in uence
function (') is monotoneandsubmodularaswell.

It is not dif cult to shaw that every instanceof the Triggering
Model hasanequivalentformulationwith submodulanodethresh-
olds. Every instanceof the DecreasingCascadeModel hassuch
anequialentformulationaswell; in fact,the DecreasingCascade
condition standsas a very naturalspecialcaseof the conjecture,
giventhatit toois basedon a type of “diminishing returns. When
translatednto thelanguageof thresholdfunctions,we nd thatthe
Decreasingcascadeonditioncorrespondso thefollowing natural
requirement:

fv(S[ fug) fv(S) (T fug) 1 (T).
1 fy(S) 1 f,(T) ’
wheneer S T andu 2 T. Thisis in a sensea “normalized

submodularity”property;it is strongerthansubmodularitywhich
would consistof the sameinequalityon justthe numerators(Note
thatby monotonicity thedenominatoontheleft is larger)

5. NON-PROGRESSIVE PROCESSES

We have thusfar beenconcernedvith the progressivecase,in
which nodesonly go from inactivity to activity, but notvice versa.
Thenon-pogressivecasejn which nodescanswitchin bothdirec-
tions,canin factbereducedo theprogressie case.

The non-progresse thresholdprocesss analogoudo the pro-
gressve model, exceptthat at eachstept, eachnodev choosesa

new value uniformly at randomfrom theintenal [0; 1]. Node

v will be active in stept if f(S) (M wheres is the setof
neighborof v thatareactive in stept 1.

Fromthe perspectie of in uence maximization we canaskthe
following question.Supposave have anon-progresse modelthat
isgoingtorunfor stepsandduringthis processwe areallowed
to make uptok interventionsfor aparticulamodev, ataparticular
timet , we cantamgetv for activationattimet. (v itself may
quickly de-actvate, but we hopeto createa large “ripple effect”)
Whichk interventionsshouldwe perform?Simpleexamplesshav
thatto maximizein uence, oneshouldnot necessarilyperformall
k interventionsattime 0; e.g.,G maynotevenhave k nodes.

Let A beasetof k interventions.Thein uence of thesek inter
ventions (A) is thesum,over all nodesv, of the numberof time
stepsthatv is active. The in uence maximizationproblemin the
non-progresse thresholdmodelisto nd thek interventionswith
maximumin uence.

We can shaw that the non-progresse in uence maximization
problemreducedo the progressie casen adifferentgraph.Given
agraphG = (V;E) andatime limit , we build alayeredgraph
G on jVjnodes:thereis acopy v for eachnodev in G, and
eachtime-stept . We connecteachnodein this graphwith its
neighborsn G indexed by the previoustime step.

THEOREM 5.1. Thenon-piogressiven uencemaximizatiorprob-

lemon G overatimehorizon is equivalento the progressiven-
uence maximizatiorproblemonthelayerdgraphG . Nodev is
activeat timet in the non-piogressiveprocessf and only if v; is
activatedin the progressiveprocess.

Thus, modelswherewe have approximationalgorithmsfor the
progressie casecarryover. Theoremb.1 alsoimpliesapproxima-
tion resultsfor certainnon-progresse modelsusedby Asavathi-
rathametal. to modelcascadindailuresin power grids[2, 3].

Notethatthe non-progressie modeldiscussedherediffersfrom
the modelof DomingosandRichardsor{10, 26] in two ways. We
are concernedvith the sumover all time stepst of the ex-
pectednumberof active nodesattimet, for agivenatimelimit ,
while [10, 26] studythelimit of this processthe expectedhumber
of nodesactive attimet ast goesto in nity . Further we consider
interventionsfor a particularnodev, at a particulartime t ,
while the interventionsconsideredy [10, 26] permanentlyaffect
theactivation probabilityfunction of thetargetednodes.

6. GENERAL MARKETING STRATEGIES

In the formulationof the problem,we have sofar assumedhat
for oneunit of budget,we candeterministicallytargetary nodev
for activation. This is clearly a highly simpli ed view. In a more
realistic scenariowe may have a numberm of differentmarket-
ing actionsM; available,eachof which mayaffect somesubsebf
nodesby increasingtheir probabilitiesof becomingactive, with-
outnecessarilynakingthemactive deterministically The morewe
spendonary oneactionthestrongeiits effectwill be;however, dif-
ferentnodesmayrespondo marketingactionsin differentways,

In ageneramodel,we choosdnvestments; into marketingac-
tionsM;, suchthatthetotal investmentslo not exceedthe budget.
A marleting strategy is thenanm-dimensionalectorx of invest-
ments. The probability that nodev will becomeactive is deter
minedby the stratgy, anddenotecby h, (x). We assumehatthis
functionis non-decreasingndsatis esthefollowing “diminishing
returns’propertyforallx y anda 0 (wherewewritex vy
ora 0 todenotethattheinequalitiesholdin all coordinates):

hy (x) hu(y +a) he(y) 1)

Intuitively, Inequality(1) stateghatany marketingactionis more
effective whenthetamgetedndividual is less“marketing-saturated”
atthatpoint.

We aretrying to maximizethe expectedsize of the nal active
set. As a function of the marketing stratgyy x, eachnodev be-
comesactive independentlywith probability hy (x), resultingin a
(random)setof initial active nodesA. Giventheinitial setA, the
expectedsizeof the nal actvesetis (A). Theexpectedrevenue
of themarletingstrat@y x is therefore 9

P
9x) = A v (A Ta(X) A (@ he(X)):

In orderto (approximately)maximizeg, we assumehatwe can
evaluatethe function at ary pointx approximatelyand nd adi-
rectioni with approximatelynaximalgradient.Speci cally, let e;
denotetheunit vectoralongthei™ coordinateaxis,and besome
constantWe assumehatthereexistssome 1 suchthatwe can
nd ani withg(x + &) g(x) (g(x+ g) 9g(x)) for
eachj. We divide eachunit of the total budgetk into equalparts
of size . Startingwith anall-0 investmentwe performanapprox-
imategradientascentpy repeatedly(a total of ¥ times)adding
units of budgetto the investmentin the actionM; that approxi-
matelymaximizesthegradient.

The proof that this algorithmgives a good approximationcon-
sistsof two steps.First, we shaw thatthe functiong we aretrying
to optimizeis non-ngative, non-decreasingandsatis esthe “di-
minishing returns” condition (1). Secondwe shav that the hill-
climbing algorithmgives a constant-fctor approximationfor ary
functiong with theseproperties.Thelatter partis capturedby the
following theorem.

hy (x + a)

THEOREM 6.1. Whenthehill-climbing algorithm nisheswith

strategy X, it guaranteeshatg(x) (1 pe > ") g(%), whee

% denotegheoptimalsolutionsubjectto | ®;



Theproofof thistheorembuilds ontheanalysisusedby Nemhauser

etal. [23], andwe deferit to thefull versionof this paper
With Theorem6.1 in hand, it remainsto shav that g is non-
negative, monotone and satis es condition(1). The rst two are
clear so we only sketch the proof of the third. Fix an arbitary
orderingof vertices.We thenusethefactthatfor ary a;; b,
Y Y X Y Y
aj b = (a h) q b, (2
I I | 1< 1>l

andchangehe orderof summationfo rewrite the difference

glx+ &) 9(x)

= (hu(x + @) hy(x)) ((A+u)  (A)
u v AuZA
hj (x + a) (1 hj(x+a)
j<uj 2A j<uj 2A
Y
hy (x) @ hix) :
j>uj 2A j>uj ZA

To shaw thatthis differenceis non-increasingwe considery
x. Fromthediminishingreturnspropertyof h, (), we obtainthat
ho(x+a) hy(x) hy(y+ a) hy(y). Then,applyingagain
equation(2), changingthe order of summation,and performing

sometediouscalculations,writing ( v;X;y) = hy(x + a)
he(y + @) if v< u,and ( v;x;y) = hy(x) hy(y)ifv>u,
we obtainthat

(g(x + a))( a(x)) (oly +a) a(y))

(hu(y +@) hu(y)) (v;xyy)
uv :uv
(A + fu;vg) (A+v) (A+u)+ (A)
A:uyv ZA
Y
hj (x + a) (1 hj(x+a)
j<miQ( uv )i 2A j<min( uv )ij 2A
h; (x) (1 hj(x))
u<j <v ;j2A u<j <v ;j ZA
hj (y + a) (1 hi(y+a)
v<j <uj 2A V< <ujj ZA
Y
hj (y) 1 hi(y))

j>max (uyv );j 2A j>max (uv )i 2A

In this expressionall termsare non-ngative (by monotonicity
of thehy ()), with theexceptionof (A + fu;vg) (A+u)
(A + v)+ (A),whichis non-positve because is submodular
Hence,the above differenceis alwaysnon-positve, so g satis es
thediminishingreturnscondition(1).
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