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ABSTRACT
Modelsfor the processesby which ideasandin�uence propagate
througha social network have beenstudiedin a numberof do-
mains,includingthediffusionof medicalandtechnologicalinnova-
tions, thesuddenandwidespreadadoptionof variousstrategiesin
game-theoreticsettings,andtheeffectsof “word of mouth” in the
promotionof new products.Recently, motivatedby thedesignof
viral marketingstrategies,DomingosandRichardsonposeda fun-
damentalalgorithmicproblemfor suchsocialnetwork processes:
if we can try to convince a subsetof individuals to adopta new
productor innovation,andthegoal is to triggera largecascadeof
furtheradoptions,which setof individualsshouldwe target?

We considerthis problemin several of themostwidely studied
modelsin socialnetwork analysis. The optimizationproblemof
selectingthe mostin�uential nodesis NP-hardhere,andwe pro-
vide the�rst provableapproximationguaranteesfor ef�cient algo-
rithms. Using an analysisframework basedon submodularfunc-
tions,weshow thatanaturalgreedystrategy obtainsasolutionthat
is provably within 63% of optimal for several classesof models;
our framework suggestsageneralapproachfor reasoningaboutthe
performanceguaranteesof algorithmsfor thesetypesof in�uence
problemsin socialnetworks.

We alsoprovide computationalexperimentson largecollabora-
tion networks, showing that in addition to their provable guaran-
tees,ourapproximationalgorithmssigni�cantly out-performnode-
selectionheuristicsbasedon the well-studiednotions of degree
centralityanddistancecentralityfrom the�eld of socialnetworks.

Categoriesand SubjectDescriptors
F.2.2 [Analysis of Algorithms and Problem Complexity]: Non-
numericalAlgorithmsandProblems
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1. INTRODUCTION
A socialnetwork — thegraphof relationshipsandinteractions

within a group of individuals — plays a fundamentalrole as a
mediumfor thespreadof information,ideas,andin�uence among
its members.An ideaor innovationwill appear— for example,the
useof cell phonesamongcollege students,the adoptionof a new
drugwithin themedicalprofession,or theriseof a political move-
ment in an unstablesociety— and it can either die out quickly
or make signi�cant inroadsinto thepopulation.If we want to un-
derstandtheextent to which suchideasareadopted,it canbe im-
portantto understandhow the dynamicsof adoptionarelikely to
unfold within the underlyingsocialnetwork: the extent to which
peopleare likely to be affectedby decisionsof their friends and
colleagues,or the extent to which “word-of-mouth” effects will
take hold. Suchnetwork diffusion processeshave a long history
of study in the social sciences. Someof the earliestsystematic
investigationsfocusedon datapertainingto theadoptionof medi-
cal andagriculturalinnovationsin bothdevelopedanddeveloping
partsof theworld [8, 27,29]; in othercontexts, researchhasinves-
tigateddiffusionprocessesfor “word-of-mouth”and“viral market-
ing” effectsin thesuccessof new products[4, 7,10,13,14,20,26],
thesuddenandwidespreadadoptionof variousstrategiesin game-
theoreticsettings[6, 12,21,32,33], andtheproblemof cascading
failuresin power systems[2, 3].

In recentwork, motivatedby applicationsto marketing,Domin-
gosandRichardsonposeda fundamentalalgorithmicproblemfor
such systems[10, 26]. Supposethat we have data on a social
network, with estimatesfor the extent to which individuals in�u-
enceoneanother, andwe would like to market a new productthat
we hopewill be adoptedby a large fraction of the network. The
premiseof viral marketingis thatby initially targetingafew “in�u-
ential” membersof the network — say, giving themfree samples
of the product— we cantrigger a cascadeof in�uence by which
friendswill recommendtheproductto otherfriends,andmany in-
dividualswill ultimatelytry it. But how shouldwe choosethefew
key individuals to usefor seedingthis process?In [10, 26], this
questionwas consideredin a probabilisticmodel of interaction;
heuristicsweregiven for choosingcustomerswith a large overall
effectonthenetwork,andmethodswerealsodevelopedto infer the
in�uence datanecessaryfor posingthesetypesof problems.

In thispaper, weconsidertheissueof choosingin�uential setsof
individualsasa problemin discreteoptimization.Theoptimalso-
lution is NP-hardfor mostmodelsthathavebeenstudied,including
the modelof [10]. The framework proposedin [26], on the other



hand,is basedon a simplelinear modelwherethe solutionto the
optimizationproblemcanbeobtainedby solvingasystemof linear
equations.Herewe focuson a collectionof related,NP-hardmod-
els thathave beenextensively studiedin thesocialnetworkscom-
munity, andobtainthe�rst provableapproximationguaranteesfor
ef�cient algorithmsin a numberof generalcases.The generality
of themodelsweconsiderliesbetweenthatof thepolynomial-time
solvablemodelof [26] andthevery generalmodelof [10], where
theoptimizationproblemcannotevenbeapproximatedto within a
non-trivial factor.

WebeginbydepartingsomewhatfromtheDomingos-Richardson
framework in the following sense:wheretheir modelsareessen-
tially descriptive, specifyinga joint distributionover all nodes'be-
havior in a global sense,we focus on more operational models
from mathematicalsociology[15, 28] andinteractingparticlesys-
tems[11, 17] that explicitly representthe step-by-stepdynamics
of adoption.We show thatapproximationalgorithmsfor maximiz-
ing the spreadof in�uence in thesemodelscan be developedin
a generalframework basedon submodularfunctions[9, 23]. We
alsoprovidecomputationalexperimentson largecollaborationnet-
works,showing thatin additionto theirprovableguarantees,oural-
gorithmssigni�cantly out-performnode-selectionheuristicsbased
on thewell-studiednotionsof degreecentrality anddistancecen-
trality [30] from the�eld of socialnetwork analysis.

Two BasicDiffusion Models. In consideringoperationalmodels
for the spreadof an idea or innovation througha social network
G, representedby a directedgraph,we will speakof eachindi-
vidual nodeasbeingeitheractive (an adopterof the innovation)
or inactive. We will focuson settings,guidedby the motivation
discussedabove, in which eachnode's tendency to becomeactive
increasesmonotonicallyas moreof its neighborsbecomeactive.
Also, wewill focusfor now ontheprogressivecasein whichnodes
canswitchfrom beinginactive to beingactive,but donotswitchin
the otherdirection; it turnsout that this assumptioncaneasilybe
lifted later. Thus,theprocesswill look roughlyasfollows from the
perspective of an initially inactive nodev: astime unfolds,more
andmoreof v's neighborsbecomeactive; at somepoint, this may
causev to becomeactive,andv's decisionmayin turn triggerfur-
therdecisionsby nodesto whichv is connected.

GranovetterandSchellingwereamongthe�rst to proposemod-
elsthatcapturesuchaprocess;theirapproachwasbasedontheuse
of node-speci�cthresholds[15, 28]. Many modelsof this �a vor
have sincebeeninvestigated(seee.g.[5, 15,18,19,21,25,28,29,
31, 32, 33])but the following Linear ThresholdModel lies at the
coreof mostsubsequentgeneralizations.In this model,a nodev is
in�uencedby eachneighborw accordingto aweightbv ;w suchthatX

w neigh b or of v

bv ;w � 1. Thedynamicsof theprocessthenproceed

asfollows. Eachnodev choosesa threshold� v uniformly at ran-
dom from the interval [0; 1]; this representsthe weightedfraction
of v's neighborsthatmustbecomeactive in orderfor v to become
active. Given a randomchoiceof thresholds,andan initial setof
active nodesA 0 (with all othernodesinactive), the diffusionpro-
cessunfoldsdeterministicallyin discretesteps: in stept, all nodes
that wereactive in stept � 1 remainactive, andwe activateany
nodev for which thetotal weightof its active neighborsis at least
� v :

X

w activ e neigh b or of v

bv ;w � � v :

Thus,thethresholds� v intuitively representthedifferentlatentten-
denciesof nodesto adopttheinnovationwhentheir neighborsdo;

the fact that thesearerandomlyselectedis intendedto modelour
lack of knowledgeof their values— we are in effect averaging
over possiblethresholdvaluesfor all thenodes.(Anotherclassof
approacheshard-wiresall thresholdsataknown valuelike1=2; see
for examplework by Berger[5], Morris [21], andPeleg [25].)

Basedonwork in interactingparticlesystems[11,17] from prob-
ability theory, we canalsoconsiderdynamiccascademodelsfor
diffusionprocesses.Theconceptuallysimplestmodelof this type
is what one could call the IndependentCascadeModel, investi-
gatedrecentlyin the context of marketing by Goldenberg, Libai,
and Muller [13, 14]. We againstart with an initial set of active
nodesA0 , and the processunfolds in discretestepsaccordingto
the following randomizedrule. Whennodev �rst becomesactive
in stept, it is givena singlechanceto activateeachcurrentlyinac-
tiveneighborw; it succeedswith aprobabilitypv ;w — aparameter
of the system— independentlyof the history thusfar. (If w has
multiplenewly activatedneighbors,theirattemptsaresequencedin
anarbitraryorder.) If v succeeds,thenw will becomeactive in step
t + 1; but whetheror notv succeeds,it cannotmakeany furtherat-
temptsto activatew in subsequentrounds.Again, theprocessruns
until nomoreactivationsarepossible.

TheLinearThresholdandIndependentCascadeModelsaretwo
of themostbasicandwidely-studieddiffusionmodels,butof course
many extensionscanbeconsidered.We will turn to this issuelater
in the paper, proposinga generalframework that simultaneously
includesbothof thesemodelsasspecialcases.For thesakeof con-
cretenessin theintroduction,wewill discussour resultsin termsof
thesetwo modelsin particular.

Approximation Algorithms for In�uence Maximization . Weare
now in a position to formally expressthe Domingos-Richardson
style of optimizationproblem — choosinga good initial set of
nodesto target — in the context of the above models. Both the
LinearThresholdandIndependentCascadeModels(aswell asthe
generalizationsto follow) involve aninitial setof active nodesA 0

that start the diffusion process. We de�ne the in�uence of a set
of nodesA, denoted� (A), to be the expectednumberof active
nodesat the endof the process,given that A is this initial active
setA0 . Thein�uence maximizationproblemasks,for a parameter
k, to �nd a k-nodesetof maximumin�uence. (Whendealingwith
algorithmsfor this problem,we will saythat the chosensetA of
k initial active nodeshasbeentargetedfor activationby thealgo-
rithm.) For themodelswe consider, it is NP-hardto determinethe
optimumfor in�uence maximization,aswe will show later.

Our �rst main result is that the optimal solution for in�uence
maximizationcan be ef�ciently approximatedto within a factor
of (1 � 1=e � " ), in both the Linear ThresholdandIndependent
Cascademodels;heree is the baseof the naturallogarithm and
" is any positive real number. (Thus, this is a performanceguar-
anteeslightly betterthan63%.) The algorithmthat achieves this
performanceguaranteeis a naturalgreedyhill-climbing strategy
relatedto the approachconsideredin [10], andso the main con-
tentof this resultis theanalysisframework neededfor obtaininga
provableperformanceguarantee,andthefairly surprisingfact that
hill-climbing is alwayswithin a factorof at least63% of optimal
for thisproblem.Weprove thisresultin Section2 usingtechniques
from thetheoryof submodularfunctions[9, 23],whichwedescribe
in detailbelow, andwhich turn out to provide a naturalcontext for
reasoningaboutboth modelsandalgorithmsfor in�uence maxi-
mization.

In fact, this analysisframework allows us to designandprove
guaranteesfor approximationalgorithmsin muchricherandmore
realisticmodelsof theprocessesby whichwemarket to nodes.The



deterministicactivation of individual nodesis a highly simpli�ed
model;anissuealsoconsideredin [10,26] is thatwemayin reality
have a largenumberof differentmarketingactionsavailable,each
of whichmayin�uencenodesin differentways.Theavailablebud-
getcanbedividedarbitrarily betweentheseactions.Weshow how
to extendtheanalysisto thissubstantiallymoregeneralframework.
Ourmainresulthereis thatageneralizationof thehill-climbing al-
gorithmstill providesapproximationguaranteesarbitrarilycloseto
(1 � 1=e).

It is worth brie�y consideringthe generalissueof performance
guaranteesfor algorithmsin thesesettings. For both the Linear
ThresholdandtheIndependentCascademodels,thein�uencemax-
imizationproblemis NP-complete,but it canbeapproximatedwell.
In thelinearmodelof RichardsonandDomingos[26], on theother
hand,boththepropagationof in�uence aswell astheeffect of the
initial targetingarelinear. Initial marketingdecisionsherearethus
limited in their effect on nodeactivations;eachnode's probability
of activationis obtainedasa linearcombinationof theeffectof tar-
getingandthe effect of the neighbors.In this fully linear model,
thein�uence canbemaximizedby solvingasystemof linearequa-
tions. In contrast,we can show that generalmodelslike that of
DomingosandRichardson[10], andevensimplemodelsthatbuild
in a �x edthreshold(like1=2) atall nodes[5, 21,25], leadto in�u-
encemaximizationproblemsthatcannotbeapproximatedto within
any non-trivial factor, assumingP 6= NP. Our analysisof approx-
imability thussuggestsawayof tracingoutamoredelicatebound-
aryof tractabilitythroughthesetof possiblemodels,by helpingto
distinguishamongthosefor whichsimpleheuristicsprovidestrong
performanceguaranteesandthosefor which they canbearbitrarily
far from optimal.This in turncansuggestthedevelopmentof both
morepowerful algorithms,andthedesignof accuratemodelsthat
simultaneouslyallow for tractableoptimization.

Following the approximationand NP-hardnessresults,we de-
scribein Section3 the resultsof computationalexperimentswith
boththeLinearThresholdandIndependentCascadeModels,show-
ing thatthehill-climbing algorithmsigni�cantly out-performsstrate-
giesbasedontargetinghigh-degreeor “central” nodes[30]. In Sec-
tion 4 we thendevelop a generalmodelof diffusion processesin
socialnetworksthatsimultaneouslygeneralizestheLinearThresh-
old andIndependentCascadeModels,aswell asanumberof other
naturalcases,andwe show how to obtainapproximationguaran-
teesfor a largesub-classof thesemodels.In Sections5 and6, we
alsoconsiderextensionsof our approximationalgorithmsto mod-
els with morerealisticscenariosin mind: morecomplex market-
ing actionsasdiscussedabove, andnon-progressiveprocesses,in
which active nodesmaybecomeinactive in subsequentsteps.

2. APPROXIMA TION GUARANTEES IN THE
INDEPENDENT CASCADE AND LINEAR
THRESHOLD MODELS

The overall approach. We begin by describingour strategy for
proving approximationguarantees.Consideranarbitraryfunction
f (�) thatmapssubsetsof a �nite groundsetU to non-negative real
numbers.1 We saythatf is submodularif it satis�esa natural“di-
minishingreturns”property:themarginalgainfrom addinganele-
mentto a setS is at leastashigh asthemarginal gainfrom adding

1Notethatthein�uence function� (�) de�ned above hasthis form;
it mapseachsubsetA of thenodesof thesocialnetwork to a real
numberdenotingtheexpectedsizeof theactivatedsetif A is tar-
getedfor initial activation.

thesameelementto a supersetof S. Formally, a submodularfunc-
tion satis�es

f (S [ f vg) � f (S) � f (T [ f vg) � f (T );

for all elementsv andall pairsof setsS � T .
Submodularfunctionshave a numberof very nice tractability

properties;theonethatis relevantto ushereis thefollowing. Sup-
posewe have a function f that is submodular, takes only non-
negative values,andis monotonein the sensethat addingan ele-
ment to a set cannotcausef to decrease:f (S [ f vg) � f (S)
for all elementsv andsetsS. We wish to �nd a k-elementsetS
for which f (S) is maximized. This is an NP-hardoptimization
problem(it canbe shown to containthe Hitting Setproblemasa
simplespecialcase),but aresultof Nemhauser, Wolsey, andFisher
[9, 23] shows thatthefollowing greedyhill-climbing algorithmap-
proximatestheoptimumto within a factorof (1 � 1=e) (wheree
is thebaseof thenaturallogarithm): startwith theemptyset,and
repeatedlyaddanelementthatgivesthemaximummarginalgain.

THEOREM 2.1. [9, 23] For a non-negative, monotonesubmod-
ular functionf , let S bea setof sizek obtainedby selectingele-
mentsoneat a time, each timechoosingan elementthat provides
the largestmarginal increasein the functionvalue. Let S� be a
set that maximizesthe value of f over all k-elementsets. Then
f (S) � (1 � 1=e) � f (S� ); in otherwords,S providesa (1 � 1=e)-
approximation.

Dueto its generality, this resulthasfoundapplicationsin anum-
berof areasof discreteoptimization(seee.g.[22]); theonly direct
useof it thatwe areawareof in thedatabasesanddatamining lit-
eratureis in a context very differentfrom ours,for theproblemof
selectingdatabaseviews to materialize[16].

Our strategy will be to show that for themodelswe areconsid-
ering,theresultingin�uence function� (�) is submodular. A subtle
dif�culty lies in thefactthattheresultof Nemhauseretal. assumes
that thegreedyalgorithmcanevaluatetheunderlyingfunctionex-
actly, which maynot be thecasefor the in�uence function � (A).
However, by simulatingthediffusionprocessandsamplingthere-
sultingactive sets,we areableto obtainarbitrarily closeapproxi-
mationsto � (A), with high probability. Furthermore,onecanex-
tendtheresultof Nemhauseretal. to show thatfor any " > 0, there
is a 
 > 0 suchthatby using(1 + 
 )-approximatevaluesfor the
functionto beoptimized,weobtaina(1 � 1=e� " )-approximation.

As mentionedin the introduction,we can extend this analysis
to a generalmodelwith morecomplex marketingactionsthatcan
have a probabilisticeffect on the initial activation of nodes. We
show in Section6 how, with amorecarefulhill-climbing algorithm
and a generalizationof Theorem2.1, we can obtain comparable
approximationguaranteesin thissetting.

A further extensionis to assumethat eachnodev hasan asso-
ciatednon-negative weightwv , capturinghow importantit is that
v be activatedin the �nal outcome.(For instance,if we aremar-
keting textbooksto college teachers,thentheweightcouldbe the
numberof studentsin the teacher's class,resultingin a larger or
smallernumberof sales.)If we let B denotethe(random)setac-
tivatedby theprocesswith initial activationA, thenwe cande�ne
the weightedin�uence function � w (A) to be the expectedvalue
over outcomesB of the quantity

P
v 2 B wv . The in�uence func-

tion studiedabove is thespecialcaseobtainedby settingwv = 1
for all nodesv. Theobjective functionwith weightsis submodular
whenever theunweightedversionis, sowe canstill usethegreedy
algorithmfor obtaininga(1 � 1=e� " )-approximation.Note,how-
ever, that a samplingalgorithmto approximatelychoosethe next
elementmayneedtime thatdependson thesizesof theweights.



IndependentCascade
In view of the above discussion,an approximationguaranteefor
in�uence maximizationin theIndependentCascadeModel will be
a consequenceof thefollowing

THEOREM 2.2. For an arbitrary instanceof the Independent
CascadeModel, the resultingin�uence function� (�) is submodu-
lar.

In order to establishthis result,we needto look, implicitly or
explicitly, at theexpression� (A [ f vg) � � (A), for arbitrarysets
A andelementsv. In otherwords,what increasedo we get in the
expectednumberof overall activationswhenwe addv to the set
A? This increaseis very dif�cult to analyzedirectly, becauseit is
hardto work with quantitiesof the form � (A). For example,the
IndependentCascadeprocessis underspeci�ed,sincewe have not
prescribedtheorderin whichnewly activatednodesin agivenstep
t will attemptto activate their neighbors.Thus, it is not initially
obvious that the processis even well-de�ned, in the sensethat it
yields the samedistribution over outcomesregardlessof how we
scheduletheattemptedactivations.

Our proof dealswith thesedif�culties by formulatinganequiv-
alentview of the process,which makes it easierto seethat there
is anorder-independentoutcome,andwhich providesanalternate
way to reasonaboutthesubmodularityproperty.

Considerapoint in thecascadeprocesswhennodev hasjustbe-
comeactive, andit attemptsto activateits neighborw, succeeding
with probability pv ;w . We canview the outcomeof this random
eventasbeingdeterminedby �ipping acoinof biaspv ;w . Fromthe
point of view of theprocess,it clearlydoesnot matterwhetherthe
coin was�ipped at themomentthatv becameactive,or whetherit
was�ipped at thevery beginningof thewholeprocessandis only
beingrevealednow. Continuingthis reasoning,we canin factas-
sumethatfor each pair of neighbors(v; w) in thegraph,a coin of
biaspv ;w is �ipped at thevery beginningof theprocess(indepen-
dentlyof thecoinsfor all otherpairsof neighbors),andtheresultis
storedsothatit canbelatercheckedin theeventthatv is activated
while w is still inactive.

With all thecoins�ipped in advance,theprocesscanbeviewed
as follows. The edgesin G for which the coin �ip indicatedan
activationwill besuccessfularedeclaredto be live; theremaining
edgesaredeclaredto beblocked. If we�x theoutcomesof thecoin
�ips andtheninitially activatea setA, it is clearhow to determine
thefull setof active nodesat theendof thecascadeprocess:

CLAIM 2.3. A nodex endsup active if and only if there is a
path from somenodein A to x consistingentirely of live edges.
(We will call such a patha live-edgepath.)

Considertheprobabilityspacein whicheachsamplepointspec-
i�es onepossiblesetof outcomesfor all thecoin �ips ontheedges.
Let X denoteonesamplepoint in this space,andde�ne � X (A) to
be the total numberof nodesactivatedby the processwhenA is
the setinitially targeted,andX is the setof outcomesof all coin
�ips onedges.Becausewehave �x edachoicefor X , � X (A) is in
facta deterministicquantity, andthereis a naturalway to express
its value,asfollows. Let R(v; X ) denotethesetof all nodesthat
canbereachedfrom v on a pathconsistingentirelyof live edges.
By Claim 2.3, � X (A) is thenumberof nodesthatcanbereached
on live-edgepathsfrom any nodein A, andso it is equalto the
cardinalityof theunion[ v 2 A R(v; X ).

Proof of Theorem2.2. First, we claim that for each�x ed out-
comeX , the function� X (�) is submodular. To seethis, let S and

T betwo setsof nodessuchthatS � T , andconsiderthequantity
� X (S [ f vg) � � X (S). Thisis thenumberof elementsin R(v; X )
thatarenotalreadyin theunion[ u 2 S R(u; X ); it is at leastaslarge
asthenumberof elementsin R(v; X ) thatarenot in the (bigger)
union [ u 2 T R(u; X ). It follows that � X (S [ f vg) � � X (S) �
� X (T [ f vg) � � X (T ), which is thede�ning inequalityfor sub-
modularity. Finally, we have

� (A) =
X

outcomes X

Prob[X ] � � X (A);

sincetheexpectednumberof nodesactivatedis just the weighted
averageover all outcomes.But a non-negative linearcombination
of submodularfunctionsis alsosubmodular, andhence� (�) is sub-
modular, whichconcludestheproof.

Next weshow thehardnessof in�uence maximization.

THEOREM 2.4. Thein�uencemaximizationproblemisNP-hard
for theIndependentCascademodel.

Proof. Consideran instanceof theNP-completeSetCover prob-
lem,de�ned by acollectionof subsetsS1 ; S2 ; : : : ; Sm of aground
setU = f u1 ; u2 ; : : : ; un g; we wish to know whetherthereexist
k of thesubsetswhoseunion is equalto U. (We canassumethat
k < n < m:) We show thatthis canbeviewedasa specialcaseof
thein�uence maximizationproblem.

Givenanarbitraryinstanceof theSetCover problem,we de�ne
a correspondingdirectedbipartitegraphwith n + m nodes:there
is a nodei correspondingto eachsetSi , a nodej corresponding
to eachelementuj , andadirectededge(i; j ) with activationprob-
ability pi;j = 1 whenever uj 2 Si . The Set Cover problemis
equivalent to decidingif thereis a setA of k nodesin this graph
with � (A) � n + k. Note that for the instancewe have de�ned,
activation is a deterministicprocess,as all probabilitiesare 0 or
1. Initially activating the k nodescorrespondingto setsin a Set
Cover solution resultsin activating all n nodescorrespondingto
thegroundsetU, andif any setA of k nodeshas� (A) � n + k,
thentheSetCover problemmustbesolvable.

Linear Thresholds
Wenow proveananalogousresultfor theLinearThresholdModel.

THEOREM 2.5. For anarbitrary instanceof theLinearThresh-
old Model,theresultingin�uencefunction� (�) is submodular.

Proof. Theanalysisisabit moreintricatethanin theproofof The-
orem2.2, but the overall argumenthasa similar structure.In the
proofof Theorem2.2,weconstructedanequivalentprocessby ini-
tially resolvingtheoutcomesof somerandomchoices,considering
eachoutcomein isolation,andthenaveragingover all outcomes.
For theLinearThresholdModel,thesimplestanaloguewouldbeto
considerthebehavior of theprocessafter all nodethresholdshave
beenchosen.Unfortunately, for a �x ed choiceof thresholds,the
numberof activatednodesis not in generala submodularfunction
of thetargetedset;this factnecessitatesa moresubtleanalysis.

Recallthateachnodev hasan in�uence weightbv ;w � 0 from
eachof its neighborsw, subjectto theconstraintthat

P
w bv ;w � 1.

(We canextendthenotationby writing bv ;w = 0 whenw is not a
neighborof v.) Supposethat v picks at mostoneof its incoming
edgesat random,selectingtheedgefrom w with probabilitybv ;w

andselectingno edgewith probability1 �
P

w bv ;w . Theselected
edgeis declaredto be “li ve,” andall otheredgesaredeclaredto
be “blocked.” (Note the contrastwith the proof of Theorem2.2:
there,we determinedwhetheran edgewas live independentlyof



thedecisionfor eachotheredge;here,we negatively correlatethe
decisionssothatat mostonelive edgeenterseachnode.)

Thecruxof theproof lies in establishingClaim2.6below, which
assertsthat theLinearThresholdmodelis equivalentto reachabil-
ity via live-edgepathsasde�ned above. Oncethatequivalenceis
established,submodularityfollows exactly asin theproof of The-
orem 2.2. We can de�ne R(v; X ) as beforeto be the set of all
nodesreachablefrom v on live-edgepaths,subjectto a choiceX
of live/blockeddesignationsfor all edges;it follows that � X (A) is
thecardinalityof theunion[ v 2 A R(v; X ), andhencea submodu-
lar functionof A; �nally , thefunction� (�) is a non-negative linear
combinationof thefunctions� X (�) andhencealsosubmodular.

CLAIM 2.6. For a giventargetedsetA, the following two dis-
tributionsover setsof nodesare thesame:

(i) Thedistributionoveractivesetsobtainedby runningtheLin-
ear Thresholdprocessto completionstartingfromA; and

(ii) ThedistributionoversetsreachablefromA via live-edgepaths,
undertherandomselectionof live edgesde�nedabove.

Proof. Weneedtoprovethatreachabilityunderourrandomchoice
of live andblocked edgesde�nes a processequivalent to that of
theLinearThresholdModel. To obtainintuition aboutthis equiv-
alence,it is useful to �rst analyzethe specialcasein which the
underlyinggraphG is directedandacyclic. In thiscase,wecan�x
atopologicalorderingof thenodesv1 ; v2 ; : : : ; vn (sothatall edges
go from earliernodesto laternodesin theorder),andbuild up the
distributionof activesetsby following thisorder. For eachnodevi ,
supposewe alreadyhave determinedthe distribution over active
subsetsof its neighbors.ThenundertheLinearThresholdprocess,
the probability that vi will becomeactive, given that a subsetSi

of its neighborsis active, is
P

w 2 S i
bv i ;w . This is preciselythe

probability that the live incoming edgeselectedby vi lies in Si ,
andso inductively we seethat the two processesde�ne the same
distributionover active sets.

To prove the claim generally, considera graph G that is not
acyclic. It becomestrickier to show theequivalence,becausethere
is no naturalorderingof the nodesover which to performinduc-
tion. Instead,we argueby inductionover theiterationsof theLin-
earThresholdprocess.We de�ne A t to be thesetof active nodes
at theendof iterationt, for t = 0; 1; 2; : : : (notethatA 0 is theset
initially targeted). If nodev hasnot becomeactive by the endof
iterationt, thenthe probability that it becomesactive in iteration
t + 1 is equalto thechancethatthein�uence weightsin A t nA t � 1

pushit over its threshold,giventhatits thresholdwasnotexceeded

already;thisprobabilityis

P
u 2 A t nA t � 1

bv ;u

1 �
P

u 2 A t � 1
bv ;u

:

Ontheotherhand,wecanrunthelive-edgeprocessby revealing
the identitiesof the live edgesgraduallyasfollows. We startwith
thetargetedsetA. For eachnodev with at leastoneedgefrom the
setA, we determinewhetherv's live edgecomesfrom A. If so,
thenv is reachable;but if not, we keepthesourceof v's live edge
unknown, subjectto the condition that it comesfrom outsideA.
Having now exposeda new setof reachablenodesA 0

1 in the �rst
stage,we proceedto identify further reachablenodesby perform-
ing the sameprocesson edgesfrom A 0

1 , andin this way produce
setsA0

2 ; A0
3 ; : : :. If nodev hasnotbeendeterminedto bereachable

by the endof staget, thenthe probability that it is determinedto
bereachablein staget + 1 is equalto thechancethat its live edge
comesfrom A t n A t � 1 , giventhat its live edgehasnot comefrom

any of theearliersets.But this is

P
u 2 A t nA t � 1

bv ;u

1 �
P

u 2 A t � 1
bv ;u

; which is the

sameasin theLinearThresholdprocessof thepreviousparagraph.
Thus,by inductionover thesestages,weseethatthelive-edgepro-
cessproducesthe samedistribution over active setsasthe Linear
Thresholdprocess.

In�uence maximizationis hardin this modelaswell.

THEOREM 2.7. Thein�uencemaximizationproblemisNP-hard
for theLinearThresholdmodel.

Proof. Consideraninstanceof theNP-completeVertexCoverprob-
lem de�ned by anundirectedn-nodegraphG = (V; E ) andanin-
tegerk; we wantto know if thereis a setS of k nodesin G sothat
everyedgehasat leastoneendpointin S. Weshow thatthiscanbe
viewedasaspecialcaseof thein�uence maximizationproblem.

Givenaninstanceof theVertex Coverprobleminvolving agraph
G, we de�ne a correspondinginstanceof the in�uence maximiza-
tion problemby directingall edgesof G in bothdirections.If there
is a vertex cover S of sizek in G, thenonecandeterministically
make � (A) = n by targetingthe nodesin the setA = S; con-
versely, this is theonly way to geta setA with � (A) = n.

In theproofsof boththeapproximationtheoremsin thissection,
weestablishedsubmodularityby consideringanequivalentprocess
in which eachnode“hard-wired” certainof its incidentedgesas
transmittingin�uence from neighbors.This turnsout to bea proof
techniquethatcanbeformulatedin generalterms,anddirectlyap-
plied to give approximabilityresultsfor othermodelsaswell. We
discussthis further in the context of the generalframework pre-
sentedin Section4.

3. EXPERIMENTS
In addition to obtaining worst-caseguaranteeson the perfor-

manceof our approximationalgorithm,we areinterestedin under-
standingits behavior in practice,andcomparingits performance
to otherheuristicsfor identifying in�uential individuals. We �nd
that our greedyalgorithmachieves signi�cant performancegains
over severalwidely-usedstructuralmeasuresof in�uence in social
networks[30].

TheNetwork Data. For evaluation,it isdesirabletouseanetwork
datasetthat exhibits many of the structuralfeaturesof large-scale
social networks. At the sametime, we do not addressthe issue
of inferringactualin�uence parametersfrom network observations
(seee.g. [10, 26]). Thus, for our testbed,we employ a collabo-
rationgraphobtainedfrom co-authorshipsin physicspublications,
with simplesettingsof thein�uenceparameters.It hasbeenargued
extensively that co-authorshipnetworks capturemany of the key
featuresof socialnetworksmoregenerally[24]. Theco-authorship
datawas compiledfrom the completelist of papersin the high-
energyphysicstheorysectionof thee-printarXiv (www.arxiv.org).2

Thecollaborationgraphcontainsanodefor eachresearcherwho
hasat leastonepaperwith co-author(s)in thearXiv database.For
eachpaperwith two or moreauthors,we insertedanedgefor each
pair of authors(single-authorpaperswere ignored). Notice that
thisresultsin paralleledgeswhentwo researchershaveco-authored
multiple papers— we kept theseparalleledgesasthey canbe in-
terpretedto indicatestrongersocial ties betweenthe researchers
involved.Theresultinggraphhas10748nodes,andedgesbetween
about53000pairsof nodes.
2We alsoranexperimentson theco-authorshipgraphsinducedby
theoreticalcomputersciencepapers.Wedonotreportontheresults
here,asthey areverysimilar to theonesfor high-energy physics.



While processingthedata,we correctedmany commontypesof
mistakesautomaticallyor manually. In orderto dealwith aliasing
problemsat leastpartially, we abbreviated�rst names,anduni�ed
spellingsfor foreigncharacters.Webelievethattheresultinggraph
is agoodapproximationto theactualcollaborationgraph(thesheer
volumeof dataprohibitsa completemanualcleaningpass).

The In�uence Models. We comparedthealgorithmsin threedif-
ferentmodelsof in�uence. In thelinearthresholdmodel,wetreated
themultiplicity of edgesasweights.If nodesu; v havecu;v parallel
edgesbetweenthem,anddegreesdu anddv , thentheedge(u; v)
hasweight cu;v

dv
, andtheedge(v; u) hasweight cu;v

du
.

In theindependentcascademodel,weassignedauniformproba-
bility of p to eachedgeof thegraph,choosingp to be1% and10%
in separatetrials. If nodesu andv have cu;v paralleledges,then
we assumethat for eachof thosecu;v edges,u hasa chanceof p
to activatev, i.e. u hasa total probability of 1 � (1 � p)cu;v of
activatingv onceit becomesactive.

Theindependentcascademodelwith uniform probabilitiesp on
the edgeshasthe propertythat high-degreenodesnot only have
a chanceto in�uence many othernodes,but alsoto be in�uenced
by them. Whetheror not this is a desirableinterpretationof the
in�uence datais an application-speci�cissue. Motivatedby this,
wechoseto alsoconsideranalternative interpretation,whereedges
into high-degreenodesareassignedsmallerprobabilities.Westudy
a specialcaseof the IndependentCascadeModel that we term
“weightedcascade”,in which eachedgefrom nodeu to v is as-
signedprobability 1=dv of activating v. The weightedcascade
model resemblesthe linear thresholdmodel in that the expected
numberof neighborswho would succeedin activatinga nodev is
1 in bothmodels.

The algorithms and implementation. We compareour greedy
algorithm with heuristicsbasedon nodes'degreesand centrality
within thenetwork, aswell asthecrudebaselineof choosingran-
domnodesto target.Thedegreeandcentrality-basedheuristicsare
commonlyusedin thesociologyliteratureasestimatesof a node's
in�uence [30].

Thehigh-degreeheuristicchoosesnodesv in orderof decreasing
degreesdv . Consideringhigh-degreenodesasin�uential haslong
beenastandardapproachfor socialandothernetworks[30, 1], and
is known in thesociologyliteratureas“degreecentrality”.

“Distancecentrality” is anothercommonlyusedin�uence mea-
surein sociology, building ontheassumptionthatanodewith short
pathsto othernodesin anetwork will haveahigherchanceof in�u-
encingthem.Hence,weselectnodesin orderof increasingaverage
distanceto othernodesin thenetwork. As thearXiv collaboration
graphis notconnected,we assigneda distanceof n — thenumber
of nodesin thegraph— for any pair of unconnectednodes.This
valueis signi�cantly larger thanany actualdistance,andthuscan
be consideredto play the role of an in�nite distance. In particu-
lar, nodesin the largestconnectedcomponentwill have smallest
averagedistance.

Finally, we consider, asa baseline,theresultof choosingnodes
uniformly atrandom.Noticethatbecausetheoptimizationproblem
is NP-hard,andthe collaborationgraphis prohibitively large, we
cannotcomputethe optimumvalueto verify the actual quality of
approximations.

Both in choosingthenodesto targetwith thegreedyalgorithm,
and in evaluatingthe performanceof the algorithms,we needto
computethe value � (A). It is an openquestionto computethis
quantity exactly by an ef�cient method,but very good estimates
canbe obtainedby simulatingthe randomprocess.More specif-

ically, we simulatethe process10000timesfor eachtargetedset,
re-choosingthresholdsor edgeoutcomespseudo-randomlyfrom
[0; 1] every time. Previousrunsindicatethatthequalityof approx-
imationafter10000iterationsis comparableto thatafter300000or
moreiterations.

The results. Figure 1 shows the performanceof the algorithms
in the linear thresholdmodel. The greedyalgorithmoutperforms
thehigh-degreenodeheuristicby about18%, andthecentralnode
heuristicby over 40%. (As expected,choosingrandomnodesis
not a good idea.) This shows that signi�cantly bettermarketing
resultscanbe obtainedby explicitly consideringthe dynamicsof
information in a network, ratherthanrelying solely on structural
propertiesof thegraph.

0

200

400

600

800

1000

1200

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure1: Resultsfor the linear thr esholdmodel

Wheninvestigatingthereasonwhy thehigh-degreeandcentral-
ity heuristicsdonotperformaswell, oneseesthatthey ignoresuch
network effects.In particular, neitherof theheuristicsincorporates
the fact that many of the most central(or highest-degree)nodes
may be clustered,so that targetingall of themis unnecessary. In
fact, the uneven natureof thesecurvessuggeststhat the network
in�uence of many nodesis not accuratelyre�ectedby their degree
or centrality.

Figure2 shows theresultsfor theweightedcascademodel.No-
tice thestriking similarity to thelinearthresholdmodel.Thescale
is slightly different (all valuesare about 25% smaller), but the
behavior is qualitatively the same,even with respectto the exact
nodeswhosenetwork in�uence is not re�ectedaccuratelyby their
degreeor centrality. Thereasonis thatin expectation,eachnodeis
in�uencedby thesamenumberof othernodesin bothmodels(see
Section2), andthedegreesarerelatively concentratedaroundtheir
expectationof 1.

The graphfor the independentcascademodelwith probability
1%, given in Figure3, seemsvery similar to the previous two at
�rst glance.Notice,however, thevery differentscale:on average,
eachtargetednodeonly activatesthreeadditionalnodes. Hence,
the network effects in the independentcascademodel with very
smallprobabilitiesaremuchweaker thanin theothermodels.Sev-
eral nodeshave degreeswell exceeding100, so the probabilities
on their incomingedgesareevensmallerthan1% in theweighted
cascademodel.Thissuggeststhatthenetwork effectsobservedfor
the linear thresholdandweightedcascademodelsrely heavily on
low-degreenodesasmultipliers,eventhoughtargetinghigh-degree
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Figure2: Resultsfor the weightedcascademodel

nodesis a reasonableheuristic.Also noticethatin theindependent
cascademodel, the heuristicof choosingrandomnodesperforms
signi�cantly betterthanin theprevioustwo models.
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Figure3: Independentcascademodel with probability 1%

Theimprovementin performanceof the“randomnodes”heuris-
tic is even more pronouncedfor the independentcascademodel
with probabilitiesequalto 10%, depictedin Figure4. In thatmodel,
it startsto outperformboth the high-degreeandthe centralnodes
heuristicswhenmorethan12 nodesaretargeted.It is initially sur-
prising that randomtargeting for this model shouldlead to more
activationsthancentrality-basedtargeting,but in factthereis anat-
ural underlyingreasonthatwe explorenow.

The�rst targetednode,if chosensomewhat judiciously, will ac-
tivate a large fraction of the network, in our casealmost 25%.
However, any additionalnodeswill only reacha small additional
fractionof thenetwork. In particular, othercentralor high-degree
nodesareverylikely to beactivatedby theinitially chosenone,and
thushavehardlyany marginalgain.Thisexplainstheshapesof the
curvesfor thehigh-degreeandcentralityheuristics,which leapup
to about2415activatednodes,but makevirtually noprogressafter-
wards.Thegreedyalgorithm,on theotherhand,takestheeffect of
the �rst chosennodeinto account,andtargetsnodeswith smaller
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Figure4: Independentcascademodelwith probability 10%

marginal gainafterwards. Hence,its active setkeepsgrowing, al-
thoughat a muchsmallerslopethanin othermodels.

The randomheuristicdoesnot do aswell initially asthe other
heuristics,but with suf�ciently many attempts,it eventually hits
somehighly in�uential nodesand becomescompetitive with the
centrality-basednodechoices. Becauseit doesnot focus exclu-
sively on centralnodes,it eventuallytargetsnodeswith additional
marginalgain,andsurpassesthetwo centrality-basedheuristics.

4. A GENERAL FRAMEW ORK FOR INFLU­
ENCE MAXIMIZA TION

GeneralThr esholdand CascadeModels. Wehave thusfarbeen
consideringtwo speci�c, widely studiedmodelsfor the diffusion
of in�uence. We now proposea broaderframework that simulta-
neouslygeneralizesthesetwo models,andallowsusto explorethe
limits of modelsin which strongapproximationguaranteescanbe
obtained. Our generalframework hasequivalent formulationsin
termsof thresholdsandcascades,therebyunifying thesetwo views
of diffusionthrougha socialnetwork.

� A general thr eshold model. We would like to be able to
expressthe notion that a nodev's decisionto becomeac-
tive can be basedon an arbitrarymonotonefunction of the
setof neighborsof v that are alreadyactive. Thus,associ-
atedwith v is a monotonethresholdfunction f v that maps
subsetsof v's neighborset to real numbersin [0; 1], sub-
ject to the condition that f v (; ) = 0. The diffusion pro-
cessfollows the generalstructureof the Linear Threshold
Model. Eachnodev initially chooses� v uniformly at ran-
domfrom theinterval [0; 1]. Now, however, v becomesactive
in stept if f v (S) � � v , whereS is thesetof neighborsof v
thatareactive in stept � 1. Note that theLinearThreshold
Model is the specialcasein which eachthresholdfunction
hasthe form f v (S) =

P
u 2 S bv ;u for parametersbv ;u such

that
X

u neigh b or of v

bv ;u � 1.

� A generalcascademodel. We generalizethecascademodel
to allow theprobabilitythatu succeedsin activatinga neigh-
bor v to dependon thesetof v's neighborsthathave already
tried. Thus,we de�ne an incrementalfunctionpv (u; S) 2
[0; 1], whereS andf ug aredisjoint subsetsof v's neighbor



set. A generalcascadeprocessworks by analogywith the
independentcase:in thegeneralcase,whenu attemptsto ac-
tivatev, it succeedswith probabilitypv (u; S), whereS is the
setof neighborsthat have alreadytried (and failed) to acti-
vatev. The IndependentCascadeModel is the specialcase
wherepv (u; S) is aconstantpu;v , independentof S. Wewill
only be interestedin cascademodelsde�ned by incremental
functionsthat areorder-independentin the following sense:
if neighborsu1 ; u2 ; : : : ; u` try to activatev, thentheproba-
bility thatv is activatedattheendof thesè attemptsdoesnot
dependon theorderin which theattemptsaremade.

Thesetwo modelsareequivalent,andwe give a methodto con-
vertbetweenthem.First,consideraninstanceof thegeneralthresh-
old model with thresholdfunctions f v . To de�ne an equivalent
cascademodel,we needto understandthe probability that an ad-
ditional neighboru canactivatev, given that thenodesin a setS
have alreadytried andfailed. If the nodesin S have failed, then
nodev's threshold� v mustbein therange� v 2 (f v (S); 1]. How-
ever, subjectto this constraint,it is uniformly distributed.Thus,the
probability thata neighboru =2 S succeedsin activating v, given
thatthenodesin S have failed,is

pv (u; S) =
f v (S [ f ug) � f v (S)

1 � f v (S)
:

It is not dif�cult to show thatthecascadeprocesswith thesefunc-
tionsis equivalentto theoriginal thresholdprocess.

Conversely, considera nodev in the cascademodel,anda set
S = f u1 ; : : : ; uk g of its neighbors.Assumethatthenodesin S try
to activatev in the orderu1 ; : : : ; uk , andlet Si = f u1 ; : : : ; ui g.
Thentheprobabilitythatv is notactivatedby thisprocessis by def-
inition

Q k
i =1 (1 � pv (ui ; Si � 1)) . Recallthatwe assumedthat the

orderin which theui try to activatev doesnot affect their overall
successprobability. Hence,this valuedependson the setS only,
andwe cande�ne f v (S) = 1 �

Q k
i =1 (1 � pv (ui ; Si � 1)) . Anal-

ogously, onecanshow that this instanceof the thresholdmodelis
equivalentto theoriginal cascadeprocess.

An Inappr oximability Result. Thegeneralmodelproposedabove
includeslargefamiliesof instancesfor whichthein�uencefunction
� (�) is notsubmodular. Indeed,it maybecomeNP-hardto approx-
imatetheoptimizationproblemto within any non-trivial factor.

THEOREM 4.1. In general, it is NP-hard to approximatethein-
�uence maximizationproblemto within a factor of n1� " , for any
" > 0.

Proof. To prove this result,we reducefrom the SetCover prob-
lem. We start with the constructionfrom the proof of Theorem
2.4, letting u1 ; : : : ; un denotethe nodescorrespondingto the n
elements;i.e.ui becomesactivewhenat leastoneof thenodescor-
respondingto setscontainingui is active. Next, for anarbitrarily
largeconstantc, we addN = nc morenodesx1 ; : : : ; xN ; eachx j

is connectedto all of thenodesui , andit becomesactiveonly when
all of theui are.

If thereareatmostk setsthatcover all elements,thenactivating
thenodescorrespondingto thesek setswill activateall of thenodes
ui , andthusalsoall of thex j . In total, at leastN + n + k nodes
will be active. Conversely, if thereis no setcover of sizek, then
no targetedsetwill activateall of theui , andhencenoneof thex j

will becomeactive(unlesstargeted).In particular, fewerthann + k
nodesareactive in theend. If analgorithmcouldapproximatethe
problemwithin n1� " for any " , it could distinguishbetweenthe
caseswhereN + n + k nodesareactive in the end, andwhere

fewer thann + k are.But thiswouldsolve theunderlyinginstance
of SetCover, andthereforeis impossibleassumingP 6= NP.

Note that our inapproximability result holds in a very simple
model,in whicheachnodeis “hard-wired”with a �x edthreshold.

Exploring the Boundaries of Approximability . Thus, the gen-
eral thresholdandcascademodelsaretoo broadto allow for non-
trivial approximationguaranteesin their full generality. At the
sametime,we have seenthatthegreedyalgorithmachievesstrong
guaranteesfor someof themainspecialcasesin thesocialnetworks
literature.How far canwe extendtheseapproximabilityresults?

Wecangeneralizetheproof techniqueusedin Theorems2.2and
2.5 to a modelthat is lessgeneral(andalsolessnatural)thanthe
generalthresholdandcascademodels;however, it includesourspe-
cial casesfromSection2,andeveryinstanceof thismodelwill have
a submodularin�uence function.Themodelis asfollows.

� The Triggering Model. Eachnodev independentlychooses
a random“triggering set” Tv accordingto somedistribution
over subsetsof its neighbors.To starttheprocess,we target
a setA for initial activation. After this initial iteration,an
inactive nodev becomesactive in stept if it hasa neighbor
in its chosentriggeringsetTv that is active at time t � 1.
(Thus,v's thresholdhasbeenreplacedby a latentsubsetof
Tv of neighborswhosebehavior actuallyaffectsv.)

It is useful to think of the triggering setsin termsof “li ve” and
“blocked” edges:if nodeu belongsto the triggeringsetTv of v,
thenwedeclaretheedge(u; v) to belive,andotherwisewedeclare
it to beblocked. As in theproofsof Theorems2.2and2.5,a node
v is activatedin an instanceof the TriggeringModel if andonly
if thereis a live-edgepath from the initially targetedsetA to v.
Following theargumentsin theseproofs,we obtainthefollowing

THEOREM 4.2. In every instanceof theTriggering Model, the
in�uencefunction� (�) is submodular.

Beyond the IndependentCascadeand Linear Threshold,there
areothernaturalspecialcasesof the TriggeringModel. Oneex-
ampleis the“Only-Listen-Once”Model. Here,eachnodev hasa
parameterpv sothatthe�rst neighborof v to beactivatedcausesv
to becomeactive with probabilitypv , andall subsequentattempts
to activatev deterministicallyfail. (In otherwords,v only listens
to the �rst neighborthat tries to activate it.) This processhasan
equivalent formulationin the TriggeringSetModel, with an edge
distribution de�ned asfollows: for any nodev, the triggeringset
Tv is either the entireneighborsetof v (with probability pv ), or
theemptysetotherwise.As a result,the in�uence function in the
Only-Listen-OnceModel is alsosubmodular, andwe canobtaina
(1 � 1=e� " )-approximationhereaswell.

However, we canshow that thereexist modelswith submodu-
lar in�uence functionsthatdo not have equivalentformulationsin
termsof triggeringsets,soit makessenseto seekfurthermodelsin
whichsubmodularityholds.

Onetractablespecialcaseof thecascademodelis basedon the
naturalrestrictionthat theprobabilityof a nodeu in�uencing v is
non-increasingasafunctionof thesetof nodesthathavepreviously
tried to in�uence v. In termsof thecascademodel,this meansthat
pv (u; S) � pv (u; T ) whenever S � T . We saythata processsat-
isfying theseconditionsis an instanceof theDecreasingCascade
Model. Although therearenaturalDecreasingCascadeinstances
thathave no equivalentformulationin termsof triggeringsets,we
canshow by amoreintricateanalysisthatevery instanceof theDe-
creasingCascadeModel hasa submodularin�uence function. We
will includedetailsof this proof in thefull versionof thepaper.



A Conjecture. Finally, westateanappealingconjecturethatwould
includeall theapproximabilityresultsabove asspecialcases.

CONJECTURE 4.3. Whenever the thresholdfunctionsf v at ev-
ery node are monotoneand submodular, the resulting in�uence
function� (�) is monotoneandsubmodularaswell.

It is not dif�cult to show that every instanceof the Triggering
Modelhasanequivalentformulationwith submodularnodethresh-
olds. Every instanceof the DecreasingCascadeModel hassuch
anequivalentformulationaswell; in fact,theDecreasingCascade
condition standsasa very naturalspecialcaseof the conjecture,
giventhatit too is basedon a typeof “diminishing returns.” When
translatedinto thelanguageof thresholdfunctions,we �nd thatthe
DecreasingCascadeconditioncorrespondsto thefollowing natural
requirement:

f v (S [ f ug) � f v (S)
1 � f v (S)

�
f v (T [ f ug) � f v (T )

1 � f v (T )
;

whenever S � T andu =2 T . This is in a sensea “normalized
submodularity”property;it is strongerthansubmodularity, which
would consistof thesameinequalityon just thenumerators.(Note
thatby monotonicity, thedenominatoron theleft is larger.)

5. NON­PROGRESSIVE PROCESSES
We have thusfar beenconcernedwith the progressivecase,in

which nodesonly go from inactivity to activity, but not vice versa.
Thenon-progressivecase,in whichnodescanswitchin bothdirec-
tions,canin factbereducedto theprogressive case.

The non-progressive thresholdprocessis analogousto the pro-
gressive model,exceptthat at eachstept, eachnodev choosesa
new value� ( t )

v uniformly at randomfrom the interval [0; 1]. Node
v will be active in stept if f v (S) � � ( t )

v , whereS is the setof
neighborsof v thatareactive in stept � 1.

Fromtheperspective of in�uence maximization,we canaskthe
following question.Supposewehaveanon-progressive modelthat
is goingto run for � steps,andduringthis process,we areallowed
to makeupto k interventions: for aparticularnodev, ataparticular
time t � � , we cantargetv for activationat time t. (v itself may
quickly de-activate,but we hopeto createa large “ripple effect.”)
Whichk interventionsshouldwe perform?Simpleexamplesshow
that to maximizein�uence, oneshouldnot necessarilyperformall
k interventionsat time0; e.g.,G maynot evenhave k nodes.

Let A bea setof k interventions.Thein�uence of thesek inter-
ventions� (A) is thesum,over all nodesv, of thenumberof time
stepsthat v is active. The in�uence maximizationproblemin the
non-progressive thresholdmodelis to �nd thek interventionswith
maximumin�uence.

We can show that the non-progressive in�uence maximization
problemreducesto theprogressive casein adifferentgraph.Given
a graphG = (V; E ) anda time limit � , we build a layeredgraph
G� on � � jV j nodes:thereis a copy vt for eachnodev in G, and
eachtime-stept � � . We connecteachnodein this graphwith its
neighborsin G indexedby theprevioustimestep.

THEOREM 5.1. Thenon-progressivein�uencemaximizationprob-
lemon G over a timehorizon� is equivalentto theprogressivein-
�uencemaximizationproblemon thelayeredgraphG� . Nodev is
activeat time t in the non-progressiveprocessif and only if vt is
activatedin theprogressiveprocess.

Thus,modelswherewe have approximationalgorithmsfor the
progressive casecarryover. Theorem5.1alsoimpliesapproxima-
tion resultsfor certainnon-progressive modelsusedby Asavathi-
rathamet al. to modelcascadingfailuresin power grids[2, 3].

Notethatthenon-progressive modeldiscussedherediffersfrom
themodelof DomingosandRichardson[10, 26] in two ways. We
areconcernedwith the sumover all time stepst � � of the ex-
pectednumberof active nodesat time t, for a givena timelimit � ,
while [10, 26] studythelimit of this process:theexpectednumber
of nodesactive at time t ast goesto in�nity . Further, we consider
interventionsfor a particularnodev, at a particulartime t � � ,
while the interventionsconsideredby [10, 26] permanentlyaffect
theactivationprobabilityfunctionof thetargetednodes.

6. GENERAL MARKETING STRATEGIES
In the formulationof theproblem,we have sofar assumedthat

for oneunit of budget,we candeterministicallytargetany nodev
for activation. This is clearly a highly simpli�ed view. In a more
realisticscenario,we may have a numberm of differentmarket-
ing actionsM i available,eachof which mayaffect somesubsetof
nodesby increasingtheir probabilitiesof becomingactive, with-
outnecessarilymakingthemactivedeterministically. Themorewe
spendonany oneactionthestrongerits effectwill be;however, dif-
ferentnodesmayrespondto marketingactionsin differentways,

In ageneralmodel,wechooseinvestmentsx i into marketingac-
tionsM i , suchthatthetotal investmentsdo not exceedthebudget.
A marketingstrategy is thenanm-dimensionalvectorx of invest-
ments. The probability that nodev will becomeactive is deter-
minedby thestrategy, anddenotedby hv (x ). We assumethatthis
functionis non-decreasingandsatis�esthefollowing “diminishing
returns”propertyfor all x � y anda � 0 (wherewe write x � y
or a � 0 to denotethattheinequalitieshold in all coordinates):

hv (x + a) � hv (x ) � hv (y + a) � hv (y ) (1)

Intuitively, Inequality(1) statesthatany marketingactionismore
effectivewhenthetargetedindividual is less“marketing-saturated”
at thatpoint.

We aretrying to maximizethe expectedsizeof the �nal active
set. As a function of the marketing strategy x , eachnodev be-
comesactive independentlywith probabilityhv (x ), resultingin a
(random)setof initial active nodesA. Giventhe initial setA, the
expectedsizeof the�nal active setis � (A). Theexpectedrevenue
of themarketingstrategy x is therefore

g(x ) =
P

A � V � (A) �
Q

u 2 A hu (x ) �
Q

v =2 A (1 � hv (x )) :

In orderto (approximately)maximizeg, we assumethatwe can
evaluatethe functionat any point x approximately, and�nd a di-
rectioni with approximatelymaximalgradient.Speci�cally, let ei

denotetheunit vectoralongthei th coordinateaxis,and� besome
constant.Weassumethatthereexistssome
 � 1 suchthatwecan
�nd ani with g(x + � � ei ) � g(x ) � 
 � (g(x + � � ej ) � g(x )) for
eachj . We divide eachunit of the total budgetk into equalparts
of size� . Startingwith anall-0 investment,we performanapprox-
imategradientascent,by repeatedly(a total of k

� times)adding�
units of budget to the investmentin the action M i that approxi-
matelymaximizesthegradient.

The proof that this algorithmgivesa goodapproximationcon-
sistsof two steps.First,we show that thefunctiong we aretrying
to optimizeis non-negative, non-decreasing,andsatis�es the “di-
minishingreturns”condition(1). Second,we show that the hill-
climbing algorithmgivesa constant-factorapproximationfor any
functiong with theseproperties.Thelatterpart is capturedby the
following theorem.

THEOREM 6.1. Whenthehill-climbing algorithm�nisheswith

strategyx , it guaranteesthatg(x ) � (1 � e� k � 

k + � � n ) � g(x̂ ), where

x̂ denotestheoptimalsolutionsubjectto
P

i x̂ i � k.



Theproofof thistheorembuildsontheanalysisusedbyNemhauser
et al. [23], andwedeferit to thefull versionof thispaper.

With Theorem6.1 in hand, it remainsto show that g is non-
negative, monotone,andsatis�escondition(1). The �rst two are
clear, so we only sketch the proof of the third. Fix an arbitary
orderingof vertices.We thenusethefactthatfor any ai ; bi ,

Y

i

ai �
Y

i

bi =
X

i

(ai � bi ) �
Y

j <i

aj �
Y

j >i

bj ; (2)

andchangetheorderof summation,to rewrite thedifference

g(x + a) � g(x )

=
X

u

�
(hu (x + a) � hu (x )) �

X

A :u =2 A

(� (A + u) � � (A)) �

Y

j <u;j 2 A

hj (x + a) �
Y

j <u;j =2 A

(1 � hj (x + a)) �

Y

j >u;j 2 A

hj (x ) �
Y

j >u;j =2 A

(1 � hj (x ))
�
:

To show thatthis differenceis non-increasing,we considery �
x . Fromthediminishingreturnspropertyof hu (�), we obtainthat
hu (x + a) � hu (x ) � hu (y + a) � hu (y ). Then,applyingagain
equation(2), changingthe order of summation,and performing
sometediouscalculations,writing �( v; x ; y ) = hv (x + a) �
hv (y + a) if v < u, and�( v; x ; y ) = hv (x ) � hv (y ) if v > u,
we obtainthat

(g(x + a) � g(x )) � (g(y + a) � g(y ))

�
X

u;v :u 6= v

�
(hu (y + a) � hu (y )) � �( v; x ; y ) �

X

A :u;v =2 A

�
� (A + f u; vg) � � (A + v) � � (A + u) + � (A)

�
�

Y

j < min( u;v ) ;j 2 A

hj (x + a) �
Y

j < min( u;v ) ;j =2 A

(1 � hj (x + a)) �

Y

u<j <v ;j 2 A

hj (x ) �
Y

u<j <v ;j =2 A

(1 � hj (x )) �

Y

v <j <u;j 2 A

hj (y + a) �
Y

v <j <u;j =2 A

(1 � hj (y + a)) �

Y

j > max ( u;v ) ;j 2 A

hj (y ) �
Y

j > max ( u;v ) ;j =2 A

(1 � hj (y ))
�

In this expression,all termsarenon-negative (by monotonicity
of thehv (�)), with theexceptionof � (A + f u; vg) � � (A + u) �
� (A + v) + � (A), which is non-positive because� is submodular.
Hence,the above differenceis alwaysnon-positive, so g satis�es
thediminishingreturnscondition(1).
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