The Link PredictionProblemfor Sacial Networks

David Liben-Nowell’ Jon Kleinberg
Laboratory for Computer Science Departmert of Computer Science
Massatwusetts Institute of Tednology Cornell University
Cambridge, MA 02139USA Ithaca, NY 14853USA
din@theory.lc s. mit.edu kleinber@cs .cornell .edu

January 8, 2004

Abstract

Givena snapshotof a sccial network, canwe infer which new interactions amongits members
arelikely to occur in the near future? We formalize this questionasthe link prediction problem
and dewelop approachesto link prediction basedon measuresfor analyzing the \pro ximit y" of
nodesin a network. Experiments on large co-authorship networks suggestthat information
about future interactions can be extracted from network topology alone, and that fairly subtle
measuresfor detecting node proximit y can outperform more direct measures.

1 Intro duction

As part of the recert surge of researt on large, complex networks and their properties, a consid-
erable amount of attention has been dewoted to the computational analysis of sccial networks|
structures whosenodesrepresen peopleor other entities embeddedin a scocial context, and whose
edgesrepresen interaction, collaboration, or in uence betweenertities. Natural examplesof social
networks include the set of all sciertists in a particular discipline, with edgesjoining pairs who
have co-authored papers; the set of all employeesin a large compary, with edgesjoining pairs
working on a common project; or a collection of businessleaders, with edgesjoining pairs who
have served together on a corporate board of directors. The availabilit y of large, detailed datasets
encading such networks has stimulated extensive study of their basic properties, and the identi-
cation of recurring structural features. (See,for example, the work of Watts and Strogatz [28],
Watts [27], Grossman[9], Newman[19], and Adamic and Adar [1], or, for a thorough recert survey,
Newman [20].)

Sccial networks are highly dynamic objects; they grow and change quickly over time through
the addition of new edges,signifying the appearanceof new interactions in the underlying sccial
structure. Understanding the medchanisms by which they ewlve is a fundamertal question that
is still not well understood, and it forms the motivation for our work here. We de ne and study
a basic computational problem underlying scocial network ewolution, the link prediction problem
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Given a snapshotof a social network at time t, we seekto accurately predict the edgesthat will be
added to the network during the interval from time t to a given future time t°

In e ect, the link prediction problem asks: to what extent can the ewolution of a social network
be modeledusing featuresintrinsic to the network itself ? Considera co-authorship network among
scientists, for example. There are many reasons,exogenougo the network, why two sciertists who
have never written a paper together will do soin the next few years: for example, they may happen
to becomegeographically closewhen one of them changesinstitutions. Sud collaborations can be
hard to predict. But one also senseghat a large number of new collaborations are hinted at by
the topology of the network: two sciertists who are \close" in the network will have colleaguesin
common, and will travel in similar circles; this suggeststhat they themselves are more likely to
collaborate in the near future. Our goalis to make this intuitiv e notion precise,and to understand
which measuresof \pro ximity" in a network lead to the most accurate link predictions. We nd
that a number of proximit y measuredeadto predictions that outperform chanceby factors of 40to
50, indicating that the network topology doesindeed cortain latent information from which to infer
future interactions. Moreover, certain fairly subtle measuresjin volving in nite sumsover paths in
the network|often outperform more direct measuressuc asshortest-path distancesand numbers
of shared neighbors.

We believe that a primary cortribution of the presen paper is in the area of network ewvolution
models. While there has beena proliferation of such modelsin recert years|see, for example,the
work of Jin et al. [11], Barabasi et al. [2], and Davidsen et al. [5] for recert work on collaboration
networks, or the survey of Newman[20]|they have generallybeenevaluated only by askingwhether
they reproduce certain global structural featuresobsened in real networks. As aresult, it hasbeen
di cult to evaluate and comparedi erent approacheson a principled footing. Link prediction, on
the other hand, o ers a very natural basisfor such evaluations: a network model is useful to the
extent that it can support meaningful inferences from observel network data. One seesa related
approad in recert work of Newman [17], who considersthe correlation between certain network
growth models and data on the appearanceof edgesof co-authorship networks.

In addition to its role asa basicquestionin social network evolution, the link prediction problem
could be relevant to a number of interesting current applications of social networks. Increasingly, for
example,researdersin arti cial intelligenceand data mining have arguedthat alarge organization,
sudch asa compary, can benet from the interactions within the informal social network among its
members; theseserne to supplemen the o cial hierarchy imposedby the organization itself [13, 23].
E ectiv e methods for link prediction could be usedto analyze sudch a social network, and suggest
promising interactions or collaborations that have not yet been utilized within the organization.
In adierent vein, researt in security hasrecertly begunto emphasizethe role of social network
analysis, largely motivated by the problem of monitoring terrorist networks; link prediction in this
context allows oneto conjecture that particular individuals are working together even though their
interaction has not beendirectly obsened [14].

The link prediction problem is also related to the problem of inferring missing links from an
obsened network: in a number of domains, one constructs a network of interactions based on
obsenable data and then tries to infer additional links that, while not directly visible, are likely
to exist [8, 22, 26]. This line of work di ers from our problem formulation in that it works with
a static snapshot of a network, rather than considering network ewolution; it also tends to take
into accourt speci c attributes of the nodesin the network, rather than evaluating the power of
prediction methods basedpurely on the graph structure.

We now turn to a description of our experimental setup, in Section2. Our primary focusis on



training period Cae
authors | papers | edges|| authors | jEqdj | jEnew]
astro-ph 5343 5816 | 41852| 1561 | 6178 | 5751
cond-mat 5469 6700 | 19881| 1253 | 1899 | 1150

gr-qc 2122 | 3287 | 5724 | 486 | 519 | 400
hep-ph 5414 | 10254 | 17806| 1790 | 6654 | 3294
hep-th 5241 | 9498 | 15842 1438 | 2311 | 1576

Figure 1. The v e sectionsof the arXiv from which co-authorship networks were constructed:
astro- ph (astrophysics), cond- mat (condensedmatter), gr- qc (general relativit y and quarntum
cosmology), hep-ph (high energy physics|phenomenology), and hep-th (high energy physics|
theory). The set Cae is the subsetof the authors who have written at least aining = 3 papers
during the training period and s = 3 papers during the test period. The setsEqq and Enew
denote edgesbetweenCare authors which rst appear during the training and test periods, respec-
tiv ely.

understanding the relativ e e ectiv enessof network proximity measuresadapted from techniques
in graph theory, computer science,and the scocial sciences.and we review a large number of such
techniquesin Section 3. Finally, we discussthe results of our experiments in Section 4.

2 Data and Exp erimental Setup

Suppose we have a social network G = hv;Ei in which eadh edgee = hu;vi 2 E represens
an interaction betweenu and v that took place at a particular time t(e). We record multiple
interactions betweenu and v as parallel edges,with potentially dierent time-stamps. For two
timest < t9 let G[t; t9 denote the subgraph of G consisting of all edgeswith a time-stamp between
t and t® Here, then, is a concreteformulation of the link prediction problem. We choosefour times
to < t3 < t1 < t9, and give an algorithm accessto the network G[to; tJ]; it must then output a list
of edges,not presert in Glto; tJ], that are predicted to appear in the network G[t;;t$]. We refer to
[to; t8] asthe training interval and [t1;t9] asthe test interval.

Of course, sacial networks grow through the addition of nodes as well as edges,and it is not
sensibleto seekpredictions for edgeswhoseendpoints are not presert in the training interval. Thus,
in evaluating link prediction methods, we will generally usetwo parameters training and test (€ah
setto 3 below), and de ne the set Care to be all nodesincident to at least aining €dgesin G[to; t8]
and at least s edgesin G[t1;t9]. We will then evaluate how accurately the new edgesbetween
elemerns of Care can be predicted.

We now describe our experimental setup more speci cally. We work with v e co-authorship
networks G, obtained from the author lists of papers at v e sectionsof the physics e-Print arXiv,
www.arxiv.org . (See Figure 1 for statistics on the size of ead of these v e networks.) Some
heuristics were used to deal with occasional syntactic anomalies; and authors were identied by
rst initial and last name,a processthat intro ducesa small amount of noisedue to multiple authors
with the sameidenti er [18]. The errors introduced by this processappear to be minor.

Now considerany one of these v e graphs. We de ne the training interval to be the three years
[1994 1996] and the test interval to be [1997, 1999]. We denote the subgraph G[1994 199%] on the
training interval by Gelap (= MA; Eqiqi, and use Enew to denote the set of edgeshu; vi sudch that
u;v 2 A, and u; v co-author a paper during the test interval but not the training interval|these
are the new interactions we are seekingto predict.

3



graph distance (negated) length of shortest path betweenx and y
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where pathsﬂ\;i, := f paths of length exactly ~ from x to yg
weighted: pathé‘;l)', := number of collaborations betweenx;y.
unweighted: pathé‘;l)', ;= 1i x andy collaborate.

hitting time Hy.y
stationary-normed Hyy v
commute time (Hxy + Hyx)
stationary-normed (Hxy y+ Hyx )
where Hy, := expectedtime for random walk from x to reach y
y .= stationary distribution weight of y
(proportion of time the random walk is at node y)
rooted PageRank stationary distribution weight of y under the following random walk:
with probability , jump to x.
(¢ Wwith probability 1 , goto random neighbor of current node.
Tl ifx=y
SimRank

a2 (x) b2 (y) score(a;b)

EIEEY) otherwise

Figure 2: Values for scae(x;y) under various predictors; ea predicts pairs hx; yi in descending
order of scae(x; y). The set ( x) consistsof the neighbors of the node x in Gegjjab-

Evaluating a link predictor. Each link predictor p that we consideroutputs arankedlist L, of
pairsin A A Egyqg; theseare predicted new collaborations, in decreasingorder of con dence. For
our evaluation, we focuson the setCare, sowe de ne E g, := Enew\ (Cae Cae) andn := JE -
Our performancemeasurefor predictor p is then determined asfollows: from the rankedlist L, we
take the rst n pairsin Cae Cae, and determine the size of the intersection of this set of pairs
with the setE, o -

3 Metho ds for Link Prediction

In this section, we survey an array of methods for link prediction. All the methods assign a
connection weight scae(x; y) to pairs of nodes hx; yi, basedon the input graph Ggiap, and then
produce a ranked list in decreasingorder of scae(x; y). Thus, they can be viewed as computing a
measureof proximity or \similarit y" betweennodesx and vy, relative to the network topology. In
general,the methods are adapted from techniquesusedin graph theory and social network analysis;
in a number of cases,thesetechniqueswere not designedto measurenode-to-node similarit y, and
henceneedto be modi ed for this purpose. Figure 2 summarizesmost of these measuresjpelow we



discussthem in more detail. We note that someof these measuresare designedonly for connected
graphs; since eath graph Geiap that we consider has a giant componentja single componert
containing most of the nodes|it is natural to restrict the predictions for these measuresto this
componert.

Perhapsthe most basic approad is to rank pairs hx; yi by the length of their shortest path in
Gollab- Sudh a measurefollows the notion that collaboration networks are \small worlds," in which
individuals are related through short chains [18]. (In keepingwith the notion that we rank pairs
in decreasing order of scae(x; y), we de ne scae(x; y) hereto be the negative of the shortest path
length.) Pairs with shortest-path distance equal to 1 are joined by an edgein Ggan, and hence
they belongto the training edgeset Eqg. For all of our graphs Ggian, there are well more than n
pairs at shortest-path distance two, so our shortest-path predictor simply selectsa random subset
of thesedistance-two pairs.

Metho ds based on node neigh borho ods. For a node x, let ( x) denote the set of neighbors
of x in Ggyap. A number of approaches are basedon the idea that two nodesx and y are more
likely to form a link in the future if their setsof neighbors ( x) and ( y) have large overlap; this
follows the natural intuition that such nodesx and y represen authors with many colleaguesin
common, and henceare more likely to comeinto contact themseles. Jin et al. [11] and Davidsen
et al. [5] have de ned abstract models for network growth using this principle, in which an edge
hx; yi is more likely to form if edgesthx; zi and hz;yi are already presen for somez.

Common neighlors. The mostdirect implementation of this ideafor link prediction isto de ne
scae(x;y) ;== j( x)\ (y)j, the number of neighbors that x and y have in common. Newman [17]
hascomputedthis quartit y in the context of collaboration networks, verifying a correlation between
the number of commonneighbors of x and y at time t, and the probabilit y that they will collaborate
in the future.

Jaccard's coe cient and Adamic/Adar. The Jaccardcoe cien tla commonly usedsimilarit y
metric in information retrieval [24]|measures the probability that both x and y have a feature f,
for a randomly selectedfeature f that either x or y has. If we take \features" hereto be neighbors
in Geollab, this leadsto the measurescae(x;y) := j ( xX)\ (Y)j5 ( X)[ ( y)j. Adamic and Adar [1]
considera related measure,in the context of deciding when two personalhome pagesare strongly
\related." To do this, they compute features of the pages,and de ne the similarit y betweentwo
pagesto be
X 1

log(frequencyz)) :

z : feature shared by x;y

This re nes the simple cournting of c|9mmonfeatures by weighting rarer featuresmore heavily. This
suggeststhe measurescae(x; y) :== OO (y) 097 (D]

Preferential attachment has received consider i)leattentlon as a model of the growth of net-
works [16]. The basicpremiseis that the probabilit y that a new edgeinvolvesnode x is proportional
to j ( xX)j, the current number of neighbors of x. Newman [17] and Barabasi et al. [2] have further
proposed, on the basis of empirical evidence,that the probability of co-authorship of x and y is
correlated with the product of the number of collaborators of x and y. This corresponds to the

measurescae(x; y) := j( xX)j j(y)j.

Metho ds based on the ensemble of all paths. A number of methods re ne the notion of
shortest-path distance by implicitly consideringthe ensenble of all paths betweentwo nodes.



Katz [12] de nes a measurethat directly sums over this collection of paths, exponertially
damped by length to count short paths more heavily. This leadsto the measure

3
scae(x;y):=  jpathgyj;

=1
where pathsﬂ;)', is the set of all length-" paths from x to y. (A very small vyields predictions much
like commonneighbors, sincepaths of length three or more contribute very little to the summation.)
One can verify that the matrix of scoresis given by (I M) 1 I, whereM is the adjacency
matrix of the graph. We consider two variants of this Katz measure: (1) unweightel, in which
pathé‘;l)', = 1 if x and y have collaborated and 0 otherwise, and (2) weightal, in which pathé‘;l)', is
the number of times that x and y have collaborated.

Hitting time, PageRank, and variants. A random walk on Ggyap Starts at a node x, and
iterativ ely movesto a neighbor of x chosenuniformly at random. The hitting time Hy,y from x to 'y
is the expectednumber of stepsrequired for arandom walk starting at x to reach y. Sincethe hitting
time is not in generalsymmetric, it is alsonatural to considerthe commutetime Cy.y := Hyy + Hy:x.
Both of these measuressere as natural proximity measures,and hence(negated) can be usedas
scae(X;y).

Onedicult y with hitting time asa measureof proximity is that Hy., is quite small whenewery
is anodewith alarge stationary probability y, regardlessof the identit y of x. To counterbalancethis
phenomenon,we also consider normalized versionsof the hitting and commute times, by de ning
scae(X;y) = Hyxy yorscae(x;y):= (Hxy y+Hyx x)

Another dicult y with these measuresis their sensitive dependenceto parts of the graph far
away from x andy, even when x and y are connectedby very short paths. A way of counteracting
this is to allow the random walk from x to y to periodically \reset,” returning to x with a xed
probability at ead step; in this way, distant parts of the graph will almost never be explored.
Random resetsform the basis of the PageRank measurefor Web pages|[3], and we can adapt it
for link prediction as follows: De ne scae(x;y) under the rooted PageRank measureto be the
stationary probability of y in a random walk that returns to x with probability ead step, moving
to a random neighbor with probability 1

SimRank [10] is a xed point of the following recursive de nition: two nodes are similar to
the extent that they are joined to similar neighbors. Numerically, this is specied by de ning
similarity(x; x) := 1 and

P P o
a2 (x) b2 (y) Similaity(a;b)
1O 10y

similarity(x; y) :=

for some 2 [0;1]. We then de ne scae(x; y) := similaity(x; y). SimRank can also be interpreted
in terms of a random walk on the collaboration graph: it is the expectedvalue of , where" is a
random variable giving the time at which random walks started from x andy rst meet.

Higher-lev el approac hes. We now discussthree \meta-approaches" that can be usedin con-
junction with any of the methods discussedabove.

Low-rank approximation. Sincethe adjacency matrix M can be usedto represen the graph
Geollab, all of our link prediction methods have an equivalent formulation in terms of this matrix M .
In somecasesthis wasnoted explicitly above (for examplein the caseof the Katz similarit y score);
but in many casesthe matrix formulation is quite natural. For example, the common neighbors



method consistssimply of mapping eat node x to its row r(x) in M, and then de ning scae(x; y)
to be the inner product of the rowsr(x) and r(y).

A common general technique when analyzing the structure of a large matrix M is to choose
a relativ ely small number k and compute the rank-k matrix My that best approximates M with
respect to any of a number of standard matrix norms. This can be done e cien tly using the
singular value decomposition, and it forms the core of methods like latent semantic analysis in
information retrieval [6]. Intuitiv ely, working with My rather than M can be viewed as a type of
\noise-reduction” technique that generatesmost of the structure in the matrix but with a greatly
simpli ed represenation.

In our experiments, we investigatethree applications of low-rank approximation: (i) ranking by
the Katz measure,in which we use M rather than M in the underlying formula; (ii) ranking by
common neighbors, in which we scoreby inner products of rows in My rather than M ; and|most
simply of all|(iii) de ning scoe(x;y) to be the hx; yi ertry in the matrix My.

Unseen bigrams. Link prediction is akin to the problem of estimating frequenciesfor unseen
bigramsin languagemodeling|pairs of words that co-occur in a test corpus, but not in the corre-
sponding training corpus (see,e.g.,the work of Essenand Steinbiss[7]). Following ideas proposed
in that literature [15, for example], we can augmert our estimates for scae(x;y) using values of
scae(z;y) for nodes z that are \similar" to x. Specically, we adapt this to the link prediction
problem asfollows. Supposewe have valuesscae(x; y) computed under one of the measuresabove.
Let SQ' denotethe nodesmost related to x under scae(x; ), for a parameter 2 Z*. We then
de ne enhancedscoresin terms of the nodesin this set:

fz:z2 (y)\ Stig
X

SCcreunweighted (X; y)

h i scae(x; z):

SCO€yeighted (x;y) 72 (y)\ Sx

Clustering. One might seekto improve on the quality of a predictor by deleting the more
\ten uous" edgesin Ggyap through a clustering procedure, and then running the predictor on the
resulting \cleaned-up" subgraph. Considera measurecomputing valuesfor scae(x; y). We compute
scae(u; v) for all edgesin Eqq, and deletethe (1 ) fraction of these edgesfor which the scoreis
lowest. We now recompute scae(x; y) for all pairs hx; yi on this subgraph;in this way we determine
node proximities using only edgesfor which the proximit y measureitself hasthe most con dence.

4 Results and Discussion

As discussedin Section 1, many collaborations form (or fail to form) for reasonsoutside the scope
of the network; thus the raw performanceof our predictors is relativ ely low. To more meaningfully
represen predictor quality, we useasour baselinea random predictor which simply randomly selects
pairs of authors who did not collaborate in the training interval. A random prediction is correct
with probability between 0.15% (cond-mat) and 0.48% (astro-ph ). Figures 3 and 4 show eadh
predictor's performance on eadt arXiv section, in terms of the factor improvemert over random.
Figures 5, 6, and 7 shawv the averagerelative performance of sewral di erent predictors versus
three baseline predictors|the random predictor, the graph distance predictor, and the common
neighbors predictor. There is no single clear winner among the techniques, but we seethat a
number of methods signi cantly outperform the random predictor, suggestingthat there is indeed
useful information contained in the network topology alone. The Katz measureand its variants
based on clustering and low-rank approximation perform consistertly well; on three of the v e



predictor astro-ph cond-mat gr-gc | hep-ph | hep-th
probabilit y that a random prediction is correct 0.475% 0.147% | 0.341% | 0.207% | 0.153%
graph distance (all distance-two pairs) 9.6 25.3 21.4 12.2 29.2
common neighbors 18.0 41.1 27.2 27.0 47.2
preferertial attachment 4.7 6.1 7.6 15.2 7.5
Adamic/Adar 16.8 54.8 30.1 333 50.5
Jaccard 16.4 42.3 19.9 27.7 41.7
SimRank = 08 14.6 39.3 22.8 26.1 41.7
hitting time 6.5 23.8 25.0 3.8 13.4
hitting timelnormed by stationary distribution 5.3 23.8 11.0 11.3 213
commute time 5.2 155 33.1 171 23.4
commute time|normed by stationary distribution 5.3 16.1 11.0 11.3 16.3
rooted PageRank = 0:01 10.8 28.0 33.1 18.7 29.2
= 0:05 13.8 39.9 35.3 24.6 41.3

= 0:15 16.6 41.1 27.2 27.6 42.6

= 0:30 17.1 42.3 25.0 29.9 46.8

= 0:50 16.8 41.1 24.3 30.7 46.8

Katz (weighted) = 0:05 3.0 21.4 19.9 2.4 12.9
= 0:005 13.4 54.8 30.1 24.0 52.2

= 0:0005 14.5 54.2 30.1 32.6 51.8

Katz (unweighted) = 0:05 10.9 41.7 375 18.7 48.0
= 0:005 16.8 41.7 375 24.2 49.7

= 0:0005 16.8 41.7 375 24.9 49.7

Figure 3: Performanceof various predictors on the link prediction task de ned in Section2. For each
predictor and ead arXiv section, the given number speci es the factor improvemert over random
prediction. Two predictors in particular are usedas baselinesfor comparison: graph distance and
common neighbors (see Section 3 for de nitions of these). Italicized entries have performance at
least as good as the graph distance predictor; bold entries are at least as good as the common

neighbors predictor. Seealso Figure 4.




predictor astro-ph cond-mat gr-gc | hep-ph | hep-th
probabilit y that a random prediction is correct 0.475% 0.147% | 0.341% | 0.207% | 0.153%
graph distance (all distance-two pairs) 9.6 25.3 21.4 12.2 29.2
common neighbors 18.0 41.1 27.2 27.0 47.2
Low-rank approximation: rank = 1024 15.2 54.2 29.4 34.9 50.1
Inner product rank = 256 14.6 47.1 29.4 324 47.2
rank = 64 13.0 44.7 27.2 30.8 47.6

rank = 16 10.1 21.4 31.6 27.9 35.5

rank= 4 8.8 155 42.6 19.6 23.0

rank= 1 6.9 6.0 44.9 17.7 14.6

Low-rank approximation: rank = 1024 8.2 16.7 6.6 18.6 21.7
Matrix entry rank = 256 154 36.3 8.1 26.2 37.6
rank = 64 13.8 46.5 16.9 28.1 40.9

rank = 16 9.1 21.4 26.5 23.1 34.2

rank= 4 8.8 155 39.7 20.0 22.5

rank= 1 6.9 6.0 44.9 17.7 14.6

Low-rank approximation: rank = 1024 114 27.4 30.1 27.1 32.1
Katz ( = 0:005) rank = 256 15.4 42.3 11.0 34.3 38.8
rank = 64 13.1 45.3 19.1 32.3 41.3

rank = 16 9.2 21.4 27.2 24.9 35.1

rank= 4 7.0 155 41.2 19.7 23.0

rank= 1 0.4 6.0 44.9 17.7 14.6

unseenbigrams common neighbors, = 8 135 36.9 30.1 15.6 47.2
(weighted) common neighbors, = 16 134 39.9 39.0 18.6 48.8
Katz ( = 0:005), =8 16.9 38.1 25.0 24.2 51.3

Katz ( = 0:005), = 16 16.5 39.9 35.3 24.8 50.9

unseenbigrams common neighbors, = 8 14.2 40.5 27.9 223 39.7
(unweighted) common neighbors, = 16 15.3 39.3 42.6 221 42.6
Katz ( = 0:005), =8 13.1 36.9 324 21.7 38.0

Katz ( = 0:005), = 16 10.3 29.8 41.9 12.2 38.0

clustering: = 0:10 7.4 37.5 47.1 33.0 38.0
Katz ( 1= 0:00L , = 0:1) = 0:15 12.0 46.5 47.1 21.1 44.2
= 0:20 4.6 34.5 19.9 21.2 35.9

= 0:25 3.3 27.4 20.6 195 17.5

Figure 4: Performanceof various meta-approadieson the link prediction task de ned in Section 2.
As before, for eat predictor and eat arXiv section,the given number speci es the factor improve-
mernt over random prediction. SeeFigure 3.



50 —
0
c
§e) - -
S _
S 40 — T
)
-
o [
e
[
@]
g B
T [
o [
v 30 — [
7 - O T
S
(O]
>
e T
S
©
)
o 20 — =
IS €
e 4 L 1
S
= — €4 - [
o €
o 1
(O]
> 10 — €
5
K
(O]
04
random predictor
0 (7)) © (]
— X — wn (D
g 2 B o = s & T 2 E
T < 3 £ S 8 & 8 =
< 4 o o > X S L 24 7
S - B 2 F L 5 2 £ 5 D
= 3] S o Q = i) = © £
% += S o — E c (7)) < =
ko) o ) g Q Q c
 © N £ 2 37 2 S
c £ S Q o >
= = c
A4 ¢ e (] S
c (@) o
© o =
=
o

Figure 5: Relative averageperformanceof various predictors versusrandom predictions. The value
shown is the averageratio over the v e datasets of the given predictor's performance versusthe
random predictor's performance. The error bars indicate the minimum and maximum of this
ratio over the v e datasets. The parametersfor the starred predictors are: (1) for weighted Katz,

= 0:005; (2) for Katz clustering, 1 = 0:00L, = 0:15; , = 0:1; (3) for low-rank inner product,
rank = 256; (4) for rooted Pagerank, = 0:15; (5) for unseenbigrams, unweighted common
neighbors with = 8; and (6) for SimRank, = 0:8.

10



3.00 —
S
S
Q
S
)
S
o — —_
) .
o —
Q _
[
) I
2 2.00 —
S
E [ | =
[ |
g [ | -
[ |
@ [
)
> ——
S -
=
E 1 1 1
)
8 _
© — raph distance predictor
é 1.00 — darap P
5 1
=
o
o
() [ |
=
©
[
a'd
0
. B N 9 O £ T x 9 9
s S ¥ 6 £ & ® & £ €
© @
T T ¥ £ g x 3 s =
< (@) E [ Q o 5
i o oh) o > < Law] —_ o] c
e = = c ) a n e =
c QO [e)) c () =
s £ © 6 N T 3 €
< £ = e © g c
c B o
© o
=
o

Figure 6: Relative averageperformance of various predictors versusthe graph distance predictor.
The plotted value shows the averagetaken over the v e datasets of the ratio of the performance
of the given predictor versusthe graph distance predictor; the error bars indicate the range of this
ratio over the v e datasets. All parameter settings are asin Figure 5.
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Figure 7: Relative averageperformanceof various predictors versusthe common neighbors predic-
tor, asin Figure 6. Error bars display the range of the performanceratio of the given predictor
versuscommon neighbors over the v e datasets; the displayed value givesthe averageratio. Pa-
rameter settings are asin Figure 5.
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Figure 8: The number of common predictions made by various predictors on the cond- mat dataset,
out of 1150predictions. Parameter settings are asin Figure 5.

arXiv sections,a variant of Katz achievesthe best performance. Someof the very simple measures
also perform surprisingly well, including common neighbors and the Adamic/Adar measure.

Similarities among the predictors and the datasets. Not surprisingly, there is signi cant
overlap in the predictions made by the various methods. In Figure 8, we show the number of
common predictions made by ten of the most successfulmeasureson the cond-mat graph. We
seethat Katz, low-rank inner product, and Adamic/Adar are quite similar in their predictions,
as are (to a somewhat lesserextent) rooted PageRank, SimRank, and Jaccard. Hitting time is
remarkably unlike any of the other nine in its predictions, despite its reasonableperformance. The
number of common correct predictions shows qualitativ ely similar behavior; seeFigure 9. It would
interesting to understand the generality of theseoverlap phenomena,especially sincecertain of the
large overlaps do not seemto follow obviously from the de nitions of the measures.

It is harder to quartify the relationships amongthe datasets, but this is a very interesting issue
as well. One perspective is provided by the methods basedon low-rank approximation: on four
of the datasets, their performancetends to be best at an intermediate rank, while on gr-gc they
perform best at rank 1. This suggestsa sensein which the collaborations in gr-qc have a much
\simpler" structure than in the other four. One also obsenesthe apparert importance of node
degreein the hep-ph collaborations: the preferertial attachment predictor|whic h considersonly
the number (and not the identit y) of a sciertist's co-authors|do esuncharacteristically well on this
dataset, outperforming the basic graph distance predictor. Finally, it would be interesting to make
precisea sensein which astro-ph is a\di cult" dataset, giventhe low performanceof all methods
relative to random, and the fact that none beats simple ranking by common neighbors. We will
explore this issuefurther below when we considercollaboration data drawn from other elds.
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Figure 9: The number of correct common predictions made by various predictors on the cond- mat
dataset, out of 1150 predictions. The diagonal entries indicate the number of correct predictions
for each predictor. Parameter settings are asin Figure 5.

Small worlds. It is reassuringthat even the basic graph distance predictor handily outperforms
random predictions, but this measurehas sewere limitations. Extensive researt has beendewvoted
to understanding the so-calledsmall world problemin collaboration networks|i.e., accourting for
the existence of short paths connecting virtually every pair of sciertists [18]. This property is
normally viewed asa vital fact about the sciertic community (new ideasspreadquickly, and every
discipline interacts with and gains from other elds) but in the context of our prediction task, we
cometo a dierent conclusion: the small world problem is really a problem. The shortest path
between two sciertists in wholly unrelated disciplines is often very short (and very tenuous). To
take one particular (but not atypical) example,the developmertal psydologist Jean Piaget hasas
small an Erdos Number|three [4]las most mathematicians and computer sciertists. Overall, the
basic graph distance predictor is not competitiv e with most of the other approadces studied; our
most successfulink predictors can be viewed as using measuresof proximit y that are robust to the
few edgesthat result from rare collaborations between elds.

Restricting to distance three. The small world problem suggeststhat there are many pairs
with graph distance two that will not collaborate, but we also obsene the dual problem: many
pairs that collaborate are at distancelarger than two. Between71% (hep-ph) and 83% (cond-mat)
of new edgesform between pairs at distance three or greater; seeFigure 10.

Since most new collaborations are not at distance two, we are also interested in how well our
predictors perform whenwe disregardall distance-two pairs. Clearly, nodesat distance greaterthan
two have no neighborsin common, and hencethis task essetially rulesout the useof methods based
on common neighbors. The performance of the other measuresis shown in Figure 11. The graph
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| astro-ph | cond-mat | gr-gc | hep-ph | hep-th |

# pairs at distance two 33862 5145 935| 37687 7545
# new collaborations at distance two 1533 190 68 945 335
# new collaborations 5751 1150 400 3294 1576

Figure 10: Relationship betweennew collaborations and graph distance.

distance predictor (i.e., predicting all distance-three pairs) performs betweenthree and eight times
random, and is consisterlly beaten by virtually all of the predictors: SimRank, rooted PageRank,
Katz, and the low-rank approximation and unseenbigram techniques. The unweighted Katz and
unseenbigram predictors have the best performance(as high asabout 30 times random, on gr-gc ),
followed closely by weighted Katz, SimRank, and rooted PageRank.

The breadth of the data. We alsohave consideredthree other datasets: (1) the proceedingsof
the theoretical computer scienceconferencesSymposium on the Theory of Computing (STOC) and
Foundations of Computer Science(FOCS), (2) the papers found in the Citeseer (www.citeseer.
con) online database,which nds papers by crawling the web for any les in postscript form, and
(3) all v eofthe arXiv sectionsmergedinto one. Considerthe performanceof the commonneighbor
predictor versusrandom on these datasets:

STOC/F OCS | arXiv sections| all arXiv's | Citeseer
6.1 18.0]41.1 71.2 147.0

Performanceversusrandom swells dramatically as the topical focus of our data set widens. That
is, when we consider a more diverse collection of sciertists, it is fundamertally easierto group
scientists into elds of study (and outperform random predictions, which will usually make guesses
between elds). When we considera su cien tly narrow set of researters|e.g., STOC/F OCS]|
almost any author can collaborate with almost any other author, and there seemsto a strong
random componert to new collaborations. (In extensive experiments on the STOC/F OCS data,
we could not beat random guessingby a factor of more than about sewn.) It is an interesting
challengeto formalize the sensein which the STOC/F OCS collaborations are truly intractable to
predictji.e., to what extent information about new collaborations is simply not presen in the old
collaboration data.

Future directions.  While the predictors we have discussedperform reasonably well, even the
best(Katz clustering ongr-qc ) is correct on only about 16%ofits predictions. Thereis clearly much
room for improvemert in performance on this task, and nding ways to take better advantage of
the information in the training data is an interesting open question. Another issueis to improvethe
e ciency of the proximit y-basedmethods on very large networks; fast algorithms for approximating
the distribution of node-to-node distancesmay be one approach [21].

The graph Ggap iS a lossy represenation of the data; we can also consider a bipartite col-
laboration graph Bgoan, With a vertex for every author and paper, and an edgeconnecting each
paper to eac of its authors. The bipartite graph contains more information than Gggjjan, SO We
may hope that predictors can useit to improve performance. The size of Bejan iS much larger
than Ggojian, making experiments prohibitiv e, but we have tried using the SimRank and Katz pre-
dictors on smaller datasets (gr-qc , or shorter training periods). Their performancedoesnot seem
to improve, but perhapsother predictors can fruitfully exploit the additional information in Bcgjjab-
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predictor | astro-ph | cond-mat | gr-gc | hep-ph | hep-th |

graph distance (all distance-three pairs) 3.1 5.5 8.4 3.8 8.4
preferertial attachment 3.2 2.6 8.6 4.7 14
SimRank = 0:8 6.0 14.4 10.6 7.7 22.0
hitting time 4.4 10.2 13.7 45 47
hitting timelnormed by stationary distribution 2.0 25 0.0 2.6 6.7
commute time 4.0 5.9 21.1 6.0 6.7
commute time|normed by stationary distribution 2.6 0.8 11 4.8 4.7
rooted PageRank = 0:01 4.6 12.7 211 6.5 12.7
= 0:05 54 13.6 21.1 8.8 16.6

= 0:15 54 11.9 18.0 11.1 20.0

= 0:30 5.9 13.6 8.5 11.9 20.0

= 0:50 6.4 15.2 7.4 13.1 20.0

Katz (weighted) = 0:05 15 5.9 11.6 2.3 2.7
= 0:005 5.8 14.4 28.5 43 12.7

= 0:0005 6.3 13.6 27.5 43 12.7

Katz (unweighted) = 0:05 2.4 12.7 30.6 9.1 12.7
= 0:005 9.2 11.9 30.6 51 18.0

= 0:0005 9.3 11.9 30.6 51 18.0

Low-rank approximation: rank = 1024 2.3 25 9.5 4.0 6.0
Inner product rank = 256 4.8 5.9 5.3 10.2 10.7
rank = 64 3.9 12.7 53 7.1 11.3

rank = 16 54 6.8 6.3 6.8 15.3

rank= 4 5.4 6.8 32.8 2.0 47

rank= 1 6.1 25 32.8 43 8.0

Low-rank approximation: rank = 1024 41 6.8 6.3 6.2 13.3
Matrix entry rank = 256 3.8 8.5 3.2 8.5 20.0
rank = 64 3.0 11.9 21 4.0 10.0

rank = 16 4.6 8.5 4.2 6.0 16.6

rank= 4 5.2 6.8 27.5 2.0 47

rank= 1 6.1 25 32.8 43 8.0

Low-rank approximation: rank = 1024 4.3 6.8 28.5 6.2 13.3
Katz (= 0:005) rank = 256 3.6 8.5 3.2 8.5 20.6
rank = 64 2.9 11.9 21 43 10.7

rank = 16 5.1 8.5 53 6.0 16.0

rank= 4 5.5 6.8 28.5 2.0 47

rank= 1 0.3 25 32.8 43 8.0

unseenbigrams common neighbors, = 8 5.8 6.8 14.8 4.3 24.0
(weighted) common neighbors, = 16 7.9 9.3 28.5 51 19.3
Katz ( = 0:005), =8 5.2 10.2 22.2 2.8 18.0

Katz ( = 0:005), = 16 6.6 10.2 29.6 3.7 15.3

unseenbigrams common neighbors, = 8 5.6 5.1 13.7 45 213
(unweighted) common neighbors, = 16 6.4 8.5 25.4 4.8 22.0
Katz ( = 0:005), =8 4.2 7.6 22.2 2.0 17.3

Katz ( = 0:005), = 16 43 4.2 28.5 3.1 16.6

clustering: = 0:10 3.5 4.2 317 7.1 8.7
Katz ( 1= 0:00L , = 0:1) = 0:15 4.8 4.2 32.8 7.7 6.7
= 0:20 25 5.9 7.4 45 8.0

= 0:25 21 11.9 6.3 6.8 53

Figure 11: The Distance-3 Task: performance of predictors only on edgesin Eney for which the
endpoints were at distance three or more in Ggiap. Methods basedon common neighbors are not
appropriate for this task. SeeSection4.
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Similarly, our experiments treat all training period collaborations equally. Perhaps one can
improve performance by treating more recen collaborations as more important than older ones.
One could also tune the parameters of the Katz predictor, e.g., by dividing the training set into
temporal segmets, training on the beginning, and then using the end of the training setto make
nal predictions.

Finally, there hasbeenrelevant work in the machine learning community on estimating distribu-
tion support: given samplesfrom an unknown probabilit y distribution P, we must nd a\simple"
set S sothat Pry p[x 2 S] < " [25]. We can view training period collaborations as samplesdrawn
from a probability distribution on pairs of sciertists; our goal is to approximate the set of pairs
that have positive probabilit y of collaborating. It is an open question whether thesetechnigquescan
be fruitfully applied to the link prediction problem.

Ac knowledgemen ts. Wethank Jon Herzog, Tommi Jaakkola, Lillian Lee, Frank McSherry, and
Grant Wang for helpful discussionsand commerts on earlier drafts of this paper. We thank Paul
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